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Abstract

We study partial identification of conditional
treatment effects with a continuous treat-
ment under unobserved confounding. We tar-
get the conditional average potential outcome
(CAPO) E[Y; | z] and the conditional av-
erage treatment effect (CATE) between two
treatment levels. We assume a bounded out-
come and Lipschitz continuity of the response
functions and of the propensity scores given
the latent confounder, and show that these
conditions imply the smooth treatment re-
sponse and smooth treatment selection con-
ditions of Kim et al. (2018). The combined
bound of Kim et al. uses only two refer-
ence points on the identified diagonal and is
generally loose. Bounding through every di-
agonal reference point instead gives explicit
bounds whose average is the sharp identified
set of the CAPO at every treatment, inside or
outside the observational support. Capping
the difference between the upper and lower
bounds gives sharp causal bounds on the
CATE. These bounds are informative with-
out monotonicity or overlap assumptions.

1 INTRODUCTION

Evaluating treatment effects from observational data
is a central task in causal inference, with applications
to policy evaluation, healthcare, and reinforcement
learning. The challenge is that observed treatment—
outcome correlations generally do not imply causal ef-
fects: unobserved confounding can induce spurious re-
lations, leaving the target effect non-identifiable, i.e.,
underdetermined by the observational data together
with causal knowledge about the underlying system
(Pearl, 2000). Several conditions and algorithms have
been developed to decide whether a causal effect is
identifiable (Pearl, 2000; Bareinboim and Pearl, 2016).
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Figure 1: Two confounded systems that induce the
same observational law P(X,Y) (blue; regression
E[Y | z] in dark blue) yet different interventional laws
P.(Y)( ), illustrating non-identifiability: (a) M
with Y < —X2+4U? has a causal effect E, [Y] = 1 —2?
(dark orange curve); (b) M’ with Y < X2 + 1U? has
a causal effect E, [Y] = 22 4+ 1 (dark orange curve).

For example, under the back-door condition (Pearl,
2000, Ch. 3.3.1), or equivalently ignorability (Rosen-
baum and Rubin, 1983), the effect is identified by co-
variate adjustment and can be estimated at standard
rates (Rosenbaum and Rubin, 1983; Bang and Robins,
2005). In practice, however, the available causal as-
sumptions are often insufficient to determine the tar-
get effect from observational data, in which case the
effect is said to be non-identifiable. The following ex-
ample illustrates this challenge.

Example 1. Consider a system M with treatment
X <+ —U/2 and outcome Y <+ —X? + U2 where
U ~ N(0,1) is unobserved. Fig. 1a shows samples
(blue) from the resulting observational distribution
P(X,Y) alongside samples (orange) from the interven-
tional distribution P, (Y') obtained by randomly as-
signing X over [—2,2]. The two deviate significantly:
the unobserved confounder U induces a spurious cor-
relation between X and Y, making some treatments
appear more effective than they actually are. Treat-
ment effects E, [Y] are not identifiable here (Huang
and Valtorta, 2006; Shpitser and Pearl, 2006). To wit-
ness, consider the alternative system M’ with the same
treatment X < —U/2 but outcome Y «+ X2 + 1U2



Both models share the causal relationships (X — Y
and X < U — Y) and induce the identical obser-
vational law P(X,Y) (substituting U = —2X gives
Y = 3X? in either model), yet they disagree on the
effect: intervening do(X < x) yields E, [Y] = 1 — 22
under M but E, [Y] = 22 4+ } under M’ (Fig. 1b).
Both models thus agree that X affects Y and are con-
founded in the same way; they disagree on which treat-
ment is preferable, with x = 0 optimal under M but
the worst choice under M’. The observational data
alone cannot tell them apart. |

When identifiability fails, a common alternative ap-
proach is partial identification: bounding the effect
over all confounding patterns compatible with the data
(Manski, 1990; Balke and Pearl, 1997). For discrete
treatments and outcomes, sharp bounds follow from
programs over a discretized latent domain (Balke and
Pearl, 1997; Zhang et al., 2022) or from generative-
model approximations (Xia et al., 2021, 2022). How-
ever, this enumeration does not carry over to continu-
ous treatments, where three lines of work exist.

Sensitivity models bound how far hidden confound-
ing may distort the treatment density: the continuous
marginal sensitivity model (CMSM) of Jesson et al.
(2022), its sharp and generalized versions (Frauen
et al., 2023; Baitairian et al., 2025), the 4-MSM
(Marmarelis et al., 2023), and exposure-dependent
and marginal-structural variants (Bonvini et al., 2022;
Dalal and Tchetgen Tchetgen, 2025). Several bound
the conditional average potential outcome (CAPO)
pointwise, but all are stated relative to the observed
treatment density and require it to be positive at the
query. Optimization-based bounds search a response-
function class consistent with the data, usually given
an instrument (Kilbertus et al., 2020; Gunsilius, 2020;
Padh et al., 2023; Balazadeh Meresht et al., 2022).
Smoothness bounds restrict how fast counterfactual
means vary (Tan et al., 2024). Following Hausman
and Newey (2016), Kim et al. (2018) bound the ef-
fect of treatment on the treated assuming it is Lips-
chitz in the intervened treatment (smooth treatment
response, STR) and in the received treatment (smooth
treatment selection, STS), and Khan et al. (2024) use
Lipschitz smoothness for off-policy evaluation without
overlap. App. A provides more details on related work.

We work in the smoothness line, in the setting of Kim
et al. (2018) extended to covariates. Our targets are
the CAPO 7(x, z) = E[Yz | 2] and the conditional av-
erage treatment effect (CATE) 7(x1, 2) — 7(x0, 2) be-
tween two treatment levels. The bounds of Kim et al.
(2018) are sharp under STR together with a mono-
tonicity assumption. Under STR and STS, however,
sharp bounds remain an open challenge: we show that
their combined bound is not sharp in general.

This paper aims to address this challenge. Our con-
tributions are threefold. (1) Structural conditions
for STR and STS. We derive both conditions from
Lipschitz continuity of the response functions and
of the propensity scores given the latent confounder
(Prop. 2), with a selection cost that depends only on
the observed treatment density (Lem. 1). (2) The
bounds of Kim et al. (2018) are loose. Their combined
STR~+STS bound uses only two reference points on the
identified diagonal (Prop. 8) and is not sharp in gen-
eral, even within their own model class (Prop. 9). (3)
Sharp bounds on the CAPO and the CATE. Combin-
ing the STR and STS bounds through every diagonal
reference point gives a valid bound (Thm. 6) that is the
sharp identified set of the CAPO at every treatment,
inside or outside the observational support (Thm. 10).
Capping the difference of the upper and lower bounds
gives the sharp identified set of the CATE, without
any monotonicity assumption (Thm. 11). All proofs
and experimental details are in the appendix.

Notations. We denote variables by capital letters
(X) and their values by lowercase (z); | X| is the car-
dinality of a set X. P(X) is the distribution of X,
P(x) abbreviates probability P(X = x), and P(X)
stands for the probability P(X € X) that variables
X take a value in a set X. For reals a,b we write
aV b= max{a,b} and a A b = min{a, b}.

2 LIPSCHITZ CONTINUITY FOR
PARTIAL IDENTIFICATION

Our analysis focuses on the structural causal models
(SCMs) (Pearl, 2000; Bareinboim et al., 2022) of a
contextual bandit, with a treatment X, an outcome
Y, covariates Z, and an unobserved confounder U
affecting all three. In a model M, structural func-
tions set Z + fz(U), X + fx(Z,U,ex), and Y +
fv(X,Z,U,ey), where U, ecx, and ey are mutu-
ally independent exogenous variables. The assignment
noise € x makes the treatment random given (Z,U), so
that it can have a conditional density p(x | z,u); this
is needed only for the structural condition (A3) below.
The learner does not know M; it only observes sam-
ples of (X,Z,Y), summarized by the observational
distribution P(X,Y,Z) & P(X,Y,Z; M). An inter-
vention do(X < ) (for short, do(x)) replaces fx by
the constant x, inducing the submodel M. The po-
tential outcome Yg(u) is the solution for Y in M, and
the interventional distribution is the joint distribution
Py (Y,Z) £ P (Yy, Zy; M) over potential outcomes.

Our goal is to infer the conditional average poten-
tial outcome (CAPO) 7(x,z) 2 Eg[Y | 2] at every
treatment x and covariate value z (output) from the
observational distribution P(X,Z,Y) (input). We



also bound the conditional average treatment effect
(CATE) 7(x1,2) — 7(®0,2) = E[Yz, — Yz, | 2] be-
tween two treatment levels (Thm. 11). Under unob-
served confounding, 7 is not identifiable: many distinct
SCMs reproduce the same P(X, Z,Y) yet disagree on
the target query. Consequently, we aim at partial iden-
tification: deriving informative bounds over the CAPO
and CATO from the observational distribution.

Without restrictions on the unobserved mechanisms,
the data leave Y, free at treatments that are rarely or
never observed at z, and no estimator can improve on
the trivial range bound there. An informative bound
requires restricting how fast the unobserved mecha-
nisms may vary (Kim et al., 2018; Tan et al., 2024).
We posit one for each unobserved mechanism: the out-
come and the treatment assignment.

Each latent stratum induces a response function
hu(z, 2) 2 E[fy (x, 2, u,cy)], the expected outcome of
do(X <+ ) at covariates z within stratum w. Treat-
ments and covariates take values in Borel sets X C R"™
and Z C Rl, which need not be bounded. With con-
stants Ly, Lx > 0, we assume the following.

(A1) (Compact outcome domain.) The outcome takes
values in a compact interval Y = [y,7] C R.

(A2) (Lipschitz response functions.) For all u € U,
z €Z,and x,x’ € X,

(@, 2) = hu(a', 2)] < Ly [le = | (1)

(A3) (Lipschitz propensity density.) For all u € U
and z € Z, the treatment has a probability density
p(x | z,u) satisfying, for all z, 2’ € X

p(@ | z,u) —p(@' | z,u)| < Lx lz — 2’|l (2)

We write diam(Y) £ 5 — y for the outcome range.
Every response function output fy (,z,u, ey) lies in
[y,7]. The constants Ly and Lx are sensitivity pa-
rameters the analyst must prespecify.

2.1 Smoothness of Treatment on the Treated

Assumptions (A2) and (A3) restrict mechanisms that
the data never reveal. To connect them to the data,
we rewrite the target through a function whose val-
ues we partially identify. Specifically, let g, (x,z') =
E[Yz | @', z] denote the effect of treatment on the
treated (ETT) at treatment «’: the mean outcome un-
der do() of the units that observationally received x’
(Pearl, 2000). It is the function studied by Kim et al.
(2018), here conditional on z. We call x the intervened
treatment and @’ the received treatment, and regard g,
as a function on X x S, where S, £ supp P(X | z) is
the observational support at z. Conditioning on the

received treatment X = x’ and applying the law of
total expectation expands the target over the observa-
tional treatment distribution,

7(x, 2) = /gz(w,m') dP(z' | z). (3)

The nominal propensity score P(x' | z) = [P(x’ |
z,u)dP(u | z) averages the latent-conditional assign-
ments over the strata, and we write p(x’ | z) for
its density. As the nominal propensity is identified,
bounding 7 reduces to bounding g,. On the diago-
nal ' = x the ETT is point-identified by consistency
(Pearl, 2000, Ch. 7): g.(z,z) = p(z, z) for x € Sy,
where p(x, z) £ E[Y | x, 2] is the observed regression.
Off the diagonal, where x # ', it is unidentified.

Assumptions (A2) and (A3) restrict the unobserved
mechanisms, but the bounds use them only through
two consequences for the ETT function, which, fol-
lowing Kim et al. (2018), limit how fast it may vary
in each coordinate. Note that Y L X | U, Z in ev-
ery SCM of ., and the received treatment enters the
ETT only through the latent posterior P(U | @/, 2).
Expanding the total expectation over U gives

gz(z,x') = /hu(:l:,z) dP(u | x', z). (4)

This splits each ETT value into a response function,
which varies with the intervened treatment and is con-
trolled by (A2), and a latent posterior, which varies
with the received treatment and is controlled by (A3).
The key step bounds how fast the latent posterior
moves with the received treatment, using only the den-
sity p(zx | z) of the nominal propensity.

Lemma 1. Under (A3), for every z € Z and every
pair zf, x4 € X with p(xg | z) > 0 and p(x} | 2) >0,
Lx |l — |
max{p(z | z), p(z] | z)}’

TV, (z), )5 2) <

(5)

where TV (z),x);2) = TV(PWU | x{,z), P(U |
x], z)) 1s the total variation between latent posteriors.

Two received treatments share the response functions
of Eq. 4 and differ only through the latent posterior,
and the response functions take values in Y. So, for
every € X and every such pair,

|9=(, x)) — gz (z, 27)| < diam(Y) TV, (xf, ©); 2)
Lx diam(Y) ||z — /||

max{p(xz) | z), p(x} | )}

S HZ(CC67.’I}/1) é

(6)
The coefficient k., need not satisfy the triangle in-
equality, so we pass to its chain closure x%(a,b) =
inf >, k2(ai, a;y1) over finite chains @ = ao,...,ar =
b of points with positive density. This coefficient is



density-adaptive: it is small where many units are ob-
served and grows where the observed density thins out,
and it evaluates the density only at support points. A
function satisfying | f(a)— f(b)| < k(a, b) for all pairs
also satisfies it with x%, so the constraint translates.

Proposition 2. Under (A1), (A2), and (A8), for ev-
ery z € Z the ETT function satisfies the following
two conditions with the costs pr = Ly || - || on X and
ps = kL on ST & {x' €S, :p(x'|z) >0}

(STR) (Smooth treatment response.) For all x,& €
X and &' € ST,

|92(, @) — g2(Z,2")| < pr(z, 2). (7)

(STS) (Smooth treatment selection.) For all x € X
and xj),xy € ST,

9= (2, TG) — g= (2, ®1)| < ps (), ). (8)

(STR) bounds how fast the counterfactual mean of
a fixed group of units changes with the intervened
treatment. (STS) bounds how fast it changes across
the groups selected by different observed treatments,
which is where confounding enters: without confound-
ing g is constant in @', and (STS) holds with pg = 0.
These are the smooth treatment response and smooth
treatment selection conditions of Kim et al. (2018),
stated conditionally on z.

For each covariate value z, let pr be a pseudometric
on X and pg a pseudometric on S,, both continuous
in the Euclidean topology (we suppress their depen-
dence on z), and say that the ETT function satisfies
(STR) and (STS) with these costs when the two in-
equalities of Prop. 2 hold with them for all x, & € X
and o', x), x] € Sy. We call pr the response cost and
ps the selection cost. The default choices pr = Ly |- ||
and ps = C|| - ||, with constants Ly,C > 0, are the
constants b and a of Kim et al. (2018); a general pr
extends their modulus of continuity, and a general pg
admits the density-adaptive x%. Like Ly and Lx, the
costs are sensitivity parameters.

The rest of the paper proceeds as follows. Sec. 3 de-
rives the STR and STS bounds and combines them
through every diagonal reference (Thm. 6). Sec. 4
shows that the combined bound of Kim et al. (2018)
is a special case of ours and is not sharp in general,
whereas ours is the sharp identified set of the CAPO
and of the CATE (Sec. 4.1). The bounding results of
Sec. 3 are derived under (A1)—(A3) with the costs of
Prop. 2, but extend to (Al), (STR), and (STS) with
any costs pr, ps as defined above (App. B).

3 LIPSCHITZ BOUNDS ON
TREATMENT RESPONSES

By Eq. 3, bounding 7(x, z) reduces to bounding the
ETT g,(x,a'), of which only the diagonal is identifi-
able. We first derive the STR and STS bounds of Kim
et al. (2018), conditional on z, under structural condi-
tions; each moves one argument of g, onto the diago-
nal. Sec. 3.1 combines them to derive the sharp bound,
over all possible pathways to transport an unidentified
argument to an identified one on the diagonal.

By consistency, (STR) places each g.(x,2’) within
pr(x, ') of u(a’, z) = g.(«', x’') (Fig. 2(a)).
Lemma 3. Under (A1)-(A3), for every (xz,z) € X x
Z, the following inequalities hold:

w(x,z) < EYy | z] < w(x, 2), (9)

where, for a draw X' ~ P(X | z) of the received treat-
ment, the bounds are

(@, 2) 2 E[ (u(X', 2) = pr(z, X))
w(x,z) 2 B[ (u(X', 2) + pr(@, X))

[

Lem. 3 is Kim et al. (2018, Prop. 3.1), conditional on
z and intersected with Y. It uses no information at
the query, so it holds at every x € X, inside or outside

S.; without confounding it sharpens to the bound of
Khan et al. (2024) (Cor. 12).

(STS) instead moves the received treatment, placing
g=(x, ") within pg(2’, x) of u(zx, z) (Fig. 2(b)), which
requires the query to be observed.

Lemma 4. Under (A1)-(A3), for every z € Z and
x € S, the following inequalities hold:

QX(:EVZ) < E[Ym ‘ z] < EX(wvz)v (11)

where, for a draw X' ~ P(X | z) of the received treat-
ment, the bounds are

A

wy(x,z) 2 E[ (u(x, 2) — ps(X
wx(z,2) £E[ (u(x, 2) + ps(X', @

!
, L

)
)

Lem. 4 is Kim et al. (2018, Prop. D.1), conditional on a
context z. With costs measured by Euclidean distance
between treatments, it beats the STR bound wherever
C < Ly. With the density-adaptive cost of Prop. 2 it
needs no overlap floor: its averaged band is at most
Elkz(x, X") | z] < Lx diam(Y) fsz ||z — '| d&’, since
max{p(x | z),p(x’ | 2)} > p(«’ | z), which is finite for
bounded S at any & € SF, however small p(z | 2) is.
Example 2 (STR and STS bounds). For the SCM
of Ex. 1 (X + =U/2, Y « —X?+U?), (A1) re-
quires bounded outcomes, so we truncate U to [—4,4],

\%
A

)
)

< =

: 2], (12)
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Figure 2: Half-width of the bound on the ETT over the (z,’) plane for Exs. 2 and 3. The identified diagonal
x = ' is dashed, and arrows point from each query to the diagonal point bounding it. (a) STR bound ((STR));
(b) STS bound ((STS)); (c) sharp bound over all diagonal reference points (Thm. 10); (d) enlarging a finite
reference set I shrinks the averaged width toward the sharp bound. Panels (a)—(c) saturate at 3 diam(Y) = 10.

which puts the treatments in X = [-2,2] and the
outcomes in Y = [—4,16]. The response functions
are hy,(r) = —2? + u?, which sweep exactly Y over
that region, so |hy(x) — hy(2))] = |z + 2'| |z — 2'] <
4|z — 2’| on [-2,2]: the outcome mechanism is 4-
Lipschitz, and (STR) holds with pr = 4| - | (Prop. 2).
The observed treatments fill X, and along that man-
ifold p(r) = 322 € [0,12] C Y, so the diagonal
E[Y, | 2] = p(x) is identified by consistency. The STR
bound (Lem. 3) carries these identified diagonal val-
ues to a query z, averaging over P(X | z) the interval
[BX"?—4|z—X'|, 3X"?+4|x— X'|JN[—4, 16]. Assump-
tion (A3) cannot hold in this system, since X = —U/2
is a deterministic function of U, so we posit (STS) di-
rectly, with ps = C|-| and C = 8. The STS bound
(Lem. 4) instead centers the ETT at the diagonal value
at the query treatment, u(z) = 322, averaging the in-
terval [322 — 8|z — X'|, 32?4 8|z — X'|]N[—4,16]. Since
C =8 > Ly = 4, here the STR bound is tighter. 1N

3.1 Combined Bounds over CAPOs

Each of the STR and STS bounds moves a single ar-
gument of the unidentified ETT g,(x,x’) onto the
identified diagonal: the intervened treatment x — x’
in the first case, the received treatment &’ — x in
the second. Applying both, through the intermedi-
ate point (s,2’), bounds the ETT by the identified
value u(s, z) at any diagonal reference point s € Sy:
a step € — s in the intervened treatment at cost
pr(x,s), then a step ' — s in the received treat-
ment at cost ps(x’,s). Formally, the two smoothness
conditions are one Lipschitz condition for the product
cost d.((x,x'), (a,b)) = pr(x,a)+ps(x’,b) on Xx S,.

Lemma 5. Under (A1)-(A3), for every z € Z
the ETT function is Lipschitz for the product cost:

l92(P) — 9z(q)| < d=(p,q) for all p,q € X x S;. In

particular, for every x € X and ’,s € S,
[E[Yy | 2, 2] — u(s, )| < p(s, ') (13)
with p(s,z') £ pr(z,s) +ps(x';s).  (14)

Lem. 5 contains both STR and STS bounds: s = z’
removes the STS step and recovers the pointwise STR
bound of Lem. 3, while s = x removes the STR step
and recovers the pointwise STS bound of Lem. 4. Tak-
ing the better of these two at each ' is the combined
STR+STS bound of Kim et al. (2018, Prop. D.3).

Lem. 5 reaches the reference point along an L-shaped
path, one step in each argument (Fig. 3, blue). By the
triangle inequality for each cost, no path that alter-
nates the two arguments, and no path through several
diagonal points, is cheaper (App. B), and Thm. 10
shows more: no argument at all can improve the re-
sulting bound, because it is realizable by a candidate
SCM compatibel with the observational distribution.

Taking every diagonal point as a reference point gives,
for each covariate value z, the upper and lower bounds

Us(@,2) 2 ( inf [u(s,2) +p(s,@)] ) AT,

Lz(w,a') = (f;lé) [1(s,2) = p(s, w’)]) Vy,

(15)

with p as in Eq. 14. Since p(s, @) is the product cost
d, ((a:, '), (s, s)) from the query to the diagonal point
(s,8), U, and L, are the McShane-Whitney exten-
sions of the diagonal values pu(s,z) to X x S, (Mc-
Shane, 1934; Whitney, 1934), truncated to Y; Sec. 4.1
shows that these bounds are extremal.

Theorem 6. Under (A1)-(A3), for every z € Z the
ETT function satisfies L, < g, < U, on X x S,.
Consequently, for every x € X, including © ¢ S,, and
a draw X' ~ P(X | z) of the received treatment,

E[L.(x, X') | z] < 7(x,2) <E[U.(x, X') | z]. (16)
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Figure 3: The L-shaped path of Lem. 5 (blue) from
(x, ') through (s,z’) to the diagonal point (s, s), at
cost p(s,x’) (Eq. 14). A zig-zag path (grey) costs at
least as much; query & may lie outside the support.

For a query x ¢ S, the regression pu(x,z) is unde-
fined, so the STS bound of Lem. 4 is unavailable, and
the combined bound of Kim et al. (2018, Prop. D.3)
reduces to STR alone. The bound of Eq. 15 still
uses both steps, through reference points s € S, near
x that trade pr(x,s) against pg(x’,s). With the
density-adaptive cost of Prop. 2, the selection step
runs only between support points, so it stays infor-
mative even when little mass lies near the query, i.e.,
the bound needs no positivity assumption at the query.

Thm. 6 is Lem. 5 applied at every reference point,
together with the range constraint. It holds for ev-
ery SCM satisfying (A1)—(A3), and more generally for
every SCM whose ETT function satisfies (STR) and
(STS) with arbitrary costs. Over that class, these
bounds cannot be improved (Sec. 4.1).

In practice, we compute the bounds over a finite set of
reference points in the support, where p is identified;
restricting the references keeps the bounds valid.

Corollary 7. Under (A1)-(A3), let T C S, be a
nonempty reference set, and let U, 1 and L,y be the
bounds of Eq. 15 with the infimum and supremum re-
stricted toI. Then Loy < L, <U, <U, 1, so that

]E[Lz_l(w,X/) | z} <7(w,2) < IE[UZVH(:B,X’) | z]
(17)
for every @ € X. The bounds tighten as I grows. For
finite 1, they cost O(nl|l|) per query when P(X | z) is
an empirical law on n points.

Since the STR and STS bounds use the references s =
x’ and s = x, the combined bound is never looser than
either; Cor. 14 in App. B states when it is tighter.

Example 3 (Combined bound). Continuing Ex. 2
(or = 41|, ps = 8| - |, uls) = 35 on S = [~2,2]).
The bound of Thm. 6 takes the best diagonal refer-
ence for each pair (x,2’) (Fig. 2(c)), and an inter-
mediate point can beat both the STR and the STS
bound. At (x,2') = (—1,1), the STR bound gives
the upper value p(1) +4 -2 = 11 and the STS bound

p(—=1) + 8 -2 = 19, whereas the reference s = 2/3
gives %—i— 2—30 —l—% = 33—2 ~ 10.67. Averaging over
P(X | z) gives the sharp bound over true response
7(x) = E[U?] — 22 ~ 1 — 2?; finite references (Cor. 7)
give widths of Fig. 2(d), which shrink as I grows. N

4 SHARPNESS ANALYSIS

Thm. 6 shows that the bound is valid. This section
shows that it cannot be improved. Sharpness is rela-
tive to a model class, and we establish it for the class
defined by (STR) and (STS) with the general costs
of Sec. 2.1. Let .# (pt, ps) be the class of SCMs sat-
isfying (A1) whose ETT functions satisfy (STR) and
(STS); by Prop. 2, it contains every SCM satisfying
(A1)—(A3) with the costs of that proposition. Given
the observational law, the identified set of T(x, z) is

O(x,2) = {Em[Ye | 2] M€ .4 (pr,ps),

(18)

Pu(X,Z,Y)=P(X,Z)Y) }
We first compare our bound with the combined bound
of Kim et al. (2018), which uses only two of its ref-
erence points and can be tightened. We then show
that our bound cannot: it gives O(x, z) exactly, and
it yields the sharp identified set of the CATE (Sec. 4.1).

Kim et al. (2018) combine the two conditions by tak-
ing, at each received treatment, the better of the STR
and STS bounds of Sec. 3. This restricts the bounds
in Eq. 15 to two reference points.

Proposition 8. Let X C R, without covariates, and
pr = bl |, ps = a|-|. For any query x € S, the
combined STR+STS upper bound of Kim et al. (2018,
Prop. D.3) gives the following

uz(z) £ Elmin{p(z) +a| X' —z|, p(X')+b| X —z|}],

which is the bound of Cor. 7 with the two-point ref-
erence set {x,2'} chosen separately at each received
treatment x' (without the intersection with Y).

Dropping the other reference points costs sharpness.

Proposition 9. The bound us of Prop. 8 is not sharp
in general: for some costs, observational distribution,
and query x € S, ug(x) strictly exceeds E[Y;] in every
SCM satisfying the STR and STS conditions with these
costs and reproducing the observational distribution.

For example, let @ = b = 1, let the treatment be
uniform on S = {0,1,2}, let ¥ = w(X) with p =
(0,—1,0), and take the query = 2. Table 1 lists the
terms p(s) + 2 — s| + |2’ — s|. The two-point bound
uses only the columns s € {2, 2’}, which give the values
(2,0,0) across ' = 0,1,2 and hence uz(x = 2) = 2/3.
The reference point s = 1 lowers the value at ' = 0



¢’ | s=0 s=1 s=2| two-point sharp
0 2 1 2 2 1
1 3 0 1 0 0
2 4 1 0 0 0

Table 1: The counterexample of Prop. 9 at the query
x = 2: terms u(s) 4+ |2 — s| + |2’ — s|, the two-point
bound of Kim et al. (2018) (columns s € {2,2'}), and
the sharp bound. Averaging over P gives 2/3 and 1/3.

from 2 to 1: every such model has E[Y,—2] < 1/3, and
App. B constructs one that attains this upper bound.
The sharpness argument for Prop. D.3 in Kim et al.
(2018) constructs a data-generating process whose re-
gression p is constant. With a constant regression and
these costs, inf[b|lz — s| +a|z’ — s|] = min{a, b}|z — 2’|
is attained at s € {z,z'}, so the two-point bound co-
incides with our bound; for a nonconstant regression,
as here, it does not and can be generally improved.

4.1 Sharp Identified Set

The diagonal of any function satisfying (STR) and
(STS) is Lipschitz for pr + pg: for all 8,8’ € S,

(s, z) — (s, 2)] < pr(s, s') +ps(s,8'),  (19)

and in particular it is continuous. This is a testable
implication of the model, and it is the only restriction
the model places on the observational law (Cor. 17
in App. B). When it holds, Thm. 10 characterizes
O(x, z) exactly at every query, including treatments
x outside the observational support at z.

Theorem 10. Under (A1), (STR), and (STS), fix
z € Z and suppose u(-, z) satisfies Eq. 19. Then:

(a) (Attainment) U, and L, take values in Y, satisfy
the inequalities of (STR) and (STS), and equal
(s, z) at every diagonal point (s, s);

(b) (Sharp set) for every x € X, including ¢ S,

O(z, z) = []E[Lz(w,X’) | 2], E[U. (2, X') | z]}.
(20)

If Eq. 19 fails on a set of covariate values of pos-
itive probability, no SCM in M (pr,ps) reproduces
P(X,Z,Y), and the model is refuted.

Part (a) holds because an infimum of d,-Lipschitz
functions is d-Lipschitz, while Eq. 19 pins the bounds
to the data on the diagonal. So the McShane-Whitney
extensions U, and L, of Sec. 3.1 are the largest and the
smallest functions with values in Y that satisfy (STR)
and (STS) and agree with u on the diagonal. Part
(b) constructs, for every admissible ETT function, an
SCM that realizes it while reproducing the observa-

tional distribution; mixing the two bounds then sweeps
the whole interval (App. B).

The CATE between two treatment levels, 7(xy,z) —
T(xo, 2) = E[Yp, —Ya, | 2], is the difference of two CA-
POs, and the bounds U, and L, combine with (STR)
into its sharp identified set.

Theorem 11. Let x1,xg € X, including treatments
outside S, let r & pr(x1,x0), and let C(x1,xo, 2)
denote the interval

[ — E[min{U. (0, X') — L(x1, X'), 1} | 2], -
E[min{U, (z1, X') — L. (w0, X'), 1} | 2] }

(a) (Validity) Under (A1)-(A3),
T(xo, 2) € C(x1, T0, 2).

(b) (Sharpness) Under (A1), (STR), and (STS), if
u(-, z) satisfies Eq. 19, then C(x1, xo, ) is exactly
the identified set of the CATE over the SCMs in
M (pr, ps) that reproduce P(X,Z,Y).

T(x1,2) —

Differencing the two CAPO bounds of Thm. 6 gives
the upper value E[U,(z1, X’) — Lz (2, X’) | 2], which
is valid but loose, because the upper and lower bounds
are attained by different ETT functions. The cap
at r is exactly the coupling that differencing misses:
(STR) ties the two treatment levels together within
each group of units. (STR) alone gives only the data-
free interval £r (Kim et al., 2018, Prop. 3.2), and
Kim et al. (2018) obtain informative CATE bounds by
adding monotonicity. Thm. 11 is informative wherever
U.(x1,)—Lz(xg,-) < ron aset of received treatments
of positive probability, and needs no monotonicity.

5 EXPERIMENTS

We compare our finite-reference bound (Cor. 7) with
the combined STR+STS bound of Kim et al. (2018),
the continuous marginal sensitivity model (CMSM;
Jesson et al., 2022), and the Lipschitz-envelope adap-
tation of Khan et al. (2024). Table 2 reports coverage
of known model means and interval width divided by
the outcome range, averaged over queries within each
setting. Ours and Kim receive identical regressions,
Lipschitz costs, and outcome ranges. Kim uses the
per-pair endpoints; ours searches the supported refer-
ence points before clipping. CMSM uses one target-
based coverage oracle per SCM or IST; Khan is evalu-
ated under violated unconfoundedness. Experimental
setup and calibration details are provided in App. C.

Discrete SCMs. We randomly draw 500 SCMs with
Ue€{-1,41} and K € {5,7,9} equally spaced treat-
ments on [—1,1]. Assignment follows P(X =z, |U =
u) = (14 puz;)/K, and outcomes are affine rescalings



Table 2: Query-averaged coverage and interval width normalized by the outcome range. Reduction compares
pooled mean widths with Kim. CMSM uses a per-model coverage oracle, so its coverage holds by construction.

Ours Kim et al. CMSM oracle Khan et al. Reduction
Setting cov. width  cov. width  cov. width  cov. width  vs. Kim (%)
Discrete SCMs 1.00 0.11181 1.00 0.13832 1.00 0.04810 0.14 0.00000 19.17
Continuous SCMs 1.00 0.10627 1.00 0.13071 1.00 0.04841 0.04 0.00000 18.70
IST 1.00 0.03726 1.00 0.03777 1.00 0.07558 0.04 0.00000 1.34
(a) Discrete SCMs (b) Continuous SCMs (c) Controlled IST
o)
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Figure 4: Example bounds and true means for discrete, smooth V-shaped continuous, and controlled IST models.
Wine and gray shading denote ours and oracle CMSM; dashed and dotted boundaries denote Kim and CMSM.
Discrete intervals use bars. Panels have separate outcome scales; example selection is specified in App. C.

of blz| + cU to the attained range [—1,1]. We perturb
the response and assignment parameters. Our mean
width is 19.17% smaller than Kim’s, with full coverage
for both. The gain comes from reference points near
the interior response minimum, which Kim’s per-pair
endpoints {z,z’'} omit.

Continuous SCMs. We draw 250 SCMs from each
of two families, a V-shaped response and its smooth
approximation. Both use a binary hidden confounder
and the density p(x | ) = (1 4+ pux)/2 on [—1,1].
We perturb response scales, minimum locations, la-
tent weights, and assignment strength. Across 12500
queries, our pooled mean width is 18.70% smaller than
Kim’s; both methods achieve full coverage.

Controlled IST. Within three age tertiles of the In-
ternational Stroke Trial (Carolei et al., 1997), con-
sciousness defines a hidden categorical confounder.
Smoothed binary death risks define a new SCM with
known, overlapping assignment on 25 blood-pressure
values per group. Target effects are computed from
this model. Across 75 targets, our pooled width re-
duction is 1.34%, with full coverage for ours and Kim.
Age-group reductions are 0.47%, 1.32%, and 1.76%.
At the first, middle, and last query of each age group,
a linear program over the ETT matrix, using only the
observed diagonal, STR, STS, and the outcome range,
reproduces our endpoints to within 1078.

Fig. 4 shows visible tightening over Kim in the syn-
thetic examples and nearly coincident intervals in
IST. Between oracle CMSM and ours, neither is uni-
formly better: CMSM is narrower in all synthetic fam-
ilies, while ours is narrower in all three IST groups.
CMSM’s full coverage, however, relies on a target-
based oracle A*, calibrated using the known interven-
tional target. Khan assumes unconfoundedness and,
as expected, collapses to the observational regression.

6 CONCLUSIONS

We studied partial identification of CAPOs and
CATEs for continuous treatments under unobserved
confounding. Lipschitz response functions and Lips-
chitz propensity scores given the latent confounder im-
ply the STR and STS conditions of Kim et al. (2018),
with a selection cost that depends only on the observed
treatment density. Under STR and STS with general
costs, bounding through every diagonal reference point
gives the sharp identified set of the CAPO at every
treatment, inside or outside the observational support,
whereas the two-point combined bound of Kim et al.
(2018) is not sharp in general. Capping the difference
of the upper and lower bounds at the response cost
gives the sharp identified set of the CATE, without
any monotonicity assumption.
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Sharp Bounds on Continuous Treatment Effects under Unobserved
Confounding:
Supplementary Materials

A RELATED WORK

This section expands the discussion of the Introduction, placing our bound among the main lines of work on
identification, partial identification, and sensitivity analysis, and stating precisely how it relates to each.

Identification and adjustment. When the target effect is point-identified, for example under the back-door
or ignorability condition (Pearl, 2000; Rosenbaum and Rubin, 1983), it can be recovered from observational
data by covariate adjustment (Rosenbaum and Rubin, 1983; Bang and Robins, 2005) or, in the sequential and
off-policy settings, by importance-weighted and doubly robust estimators (Dudik et al., 2011; Li et al., 2015;
Munos et al., 2016; Thomas and Brunskill, 2016). Whether a given effect is identified at all is itself settled by the
do-calculus, which is complete for interventional distributions (Huang and Valtorta, 2006; Shpitser and Pearl,
2006; Bareinboim et al., 2022). Our setting begins where these tools end: unobserved confounding leaves the
CAPO non-identified, so no adjustment functional exists, and the effect can only be bounded.

Partial identification for discrete treatments. The classical response to non-identification is to bound the
effect over all models compatible with the data (Manski, 1990; Balke and Pearl, 1997; Frangakis and Rubin,
2002). Manski (1990) gives the worst-case interval that assumes nothing about the unobserved response, which
our Cor. 15 recovers as the no-smoothness corner of the family. Balke and Pearl (1997) tighten it under an
instrument by linear programming over a discretized latent domain, and Zhang et al. (2022) extend such programs
to counterfactual queries and to Monte-Carlo bounds for discrete outcomes; Manski and Pepper (1998) instead
impose a monotone instrumental-variable structure. These bounds are sharp, but they rest on enumerating a
finite latent domain, and that enumeration does not survive the move to continuous treatments and outcomes,
which is the regime we target.

Sensitivity analysis and bounded confounding. A complementary line fixes a quantitative limit on how
far confounding can distort the treatment mechanism and reports the resulting interval. For binary and discrete
treatments, the marginal sensitivity model and its relatives bound the ratio between the observed and the latent-
conditional propensity (Kallus and Zhou, 2018; Namkoong et al., 2020). For continuous treatments, Jesson et al.
(2022) introduce the continuous marginal sensitivity model (CMSM), which we adopt as our main baseline, and
bound both the CAPO E[Y, | z] and its average. Frauen et al. (2023) derive sharp bounds, pointwise in the
covariates, for a generalized sensitivity model that contains the CMSM, and Baitairian et al. (2025) give sharp
closed-form CMSM bounds with a doubly robust estimator. Marmarelis et al. (2023) instead bound how fast
the log density ratio may change with the treatment (the §-MSM), Dalal and Tchetgen Tchetgen (2025) let the
sensitivity parameter vary with the exposure level, and Bonvini et al. (2022) develop propensity-based, outcome-
based, and subset-confounding sensitivity models for marginal structural models. Several of these methods bound
conditional, pointwise effects; what separates them from ours is the form of the restriction. They constrain the
treatment density relative to its observed value and are stated where that density is positive, so their intervals
are built from the observed outcomes at the query and do not extend to treatments outside the support. Our
restriction is instead on the smoothness of the mechanisms.

Identification under parametric structure. When the mechanisms are constrained, the effect can some-
times be point-identified despite confounding. Linear structural equation models identify effects through path
coefficients (Wright, 1934) and auxiliary variables (Chen et al., 2017), and the deconfounder exploits many
causes sharing a latent factor (Wang and Blei, 2019). We make no such parametric commitment. Our inputs are
smoothness costs, and Zhang et al. (2026) show that smooth-mechanism SCMs are dense among the confounded
models compatible with the data, matching the observational and every interventional law to arbitrary accuracy.
Smoothness as such therefore rules out no observational law; the substantive, and untestable beyond Cor. 17,



assumption is the size of the constants, which we treat as sensitivity parameters.

Optimization-based and generative bounds. A further line computes bounds numerically, by optimizing
over a class of structural models consistent with the data. For continuous treatments with an instrument,
Kilbertus et al. (2020) optimize over response functions spanned by a chosen basis, Padh et al. (2023) extend
this to instruments and leaky mediators by stochastic constrained optimization, and Guusilius (2020) solves the
resulting infinite-dimensional programs by path sampling. Balazadeh Meresht et al. (2022) fit implicit generative
models to general causal graphs and bound average treatment derivatives by optimizing over them, and neural or
generative SCMs are used in the same way elsewhere (Kocaoglu et al., 2018; Xia et al., 2021, 2022; Nasr-Esfahany
et al., 2023). Tan et al. (2024) analyze when such neural estimates are consistent, and make explicit that an
informative bound over continuous domains is impossible without positing a smoothness assumption, since two
models can match the data yet disagree arbitrarily on a rarely observed treatment. The bounds in this line are
valid relative to the chosen function class and are the output of a nonconvex optimization; ours is an explicit
bound under stated Lipschitz constants.

Smoothness assumptions on counterfactual means. Closest to our work is a line in econometrics that
bounds counterfactual means by limiting their rate of change. Hausman and Newey (2016) bound each individ-
ual’s income effect to partially identify average welfare under unrestricted heterogeneity. Following them, Kim
et al. (2018) study g(x,a’) = E[Y,, | X = 2'] for a scalar treatment, assume that ¢ is Lipschitz in the intervened
treatment (smooth treatment response, STR: |g(z,2’) — ¢(Z, 2)| < bz — Z|) or in the received treatment (smooth
treatment selection, STS: |g(z, z() — g(x, z1)| < alzj — 2]), and derive closed-form bounds on E[Y,] under each
assumption, under both, and in combination with monotonicity; their bounds under monotone treatment re-
sponse and selection (Props. 4.1-4.2) already route through intermediate treatment levels, with a monotone
rather than Lipschitz selection step. Our ETT g, (x, ') is their g with covariates z, our primary assumptions
(STR) and (STS) are theirs with general costs, and our STR and STS bounds correspond to their propositions:

This paper Kim et al. (2018)
Lem. 3 (intervened treatment) Prop. 3.1 (STR)
Lem. 4 (received treatment) Prop. D.1 (STS)

Cor. 7 with I = {@x, 2’} at each ' Prop. D.3 (STR and STS)
Thm. 10 (all reference points) -

Our contribution is therefore not a new bounding principle: the STR and STS bounds and their combination go
back to Kim et al. (2018), and the combined bound is a standard Lipschitz-extension bound (McShane, 1934).
Relative to their work, five things are new. First, sharpness. Prop. D.3 of Kim et al. (2018) is stated as sharp,
but its proof constructs a data-generating process with a constant regression, for which intermediate reference
points never help. For a nonconstant regression the two-point bound is not sharp (Prop. 9), whereas our bound
is the sharp identified set (Thm. 10); we also give the exact condition under which the full reference set is strictly
tighter (Cor. 14) and the testable implication of the model (Cor. 17). Second, the selection condition. Kim
et al. (2018) assume STS directly and motivate it informally; we derive it (Prop. 2) from a Lipschitz assignment
density given the latent confounder, via a total-variation bound on the latent posteriors (Lem. 1), with the
identified, density-adaptive cost k%, which needs no overlap floor. Third, the scope. We allow covariates, with
effects conditional on them, and vector-valued treatments, and we use the bounded outcome range inside the
bound, whereas their main results concern a scalar treatment without covariates and with unbounded outcomes.
Fourth, extrapolation. Their STR bound is valid at treatments outside the support, but their combined bound
then reduces to it, because the STS term needs the regression at the query; our bound still uses both steps there
and remains the sharp identified set (Thm. 10). Fifth, the CATE. Under STR alone their CATE bound is the
data-free interval +b|t — t| (Prop. 3.2), and their informative CATE bounds add monotonicity; under STR and
STS, Thm. 11 gives the sharp identified set of the CATE without it.

Smoothness and off-policy evaluation beyond overlap. Khan et al. (2024) bound the off-policy value under
a Lipschitz smoothness assumption through closed-form linear programs, targeting the unconfounded setting with
limited or no overlap between the logging and target policies. Our setting differs in that confounding renders the
effect non-identified even under full overlap. In the unconfounded limit our STR bound reduces to their bound
(Cor. 12), so their result is the no-confounding case of ours; the STS bound, absent from their analysis, is what
accounts for confounding breaking the equality of the observed regression and the true effect.



B PROOFS

This appendix collects the proofs of the theoretical results in the main text. App. B.1 proves the structural
sufficient conditions (Lem. 1 and Prop. 2) that connect (A2) and (A3) to the STR and STS conditions; App. B.2
proves the STR and STS bounds (Lems. 3 and 4) and their unconfounded special case (Cor. 12); App. B.3 proves
the combined bound (Lem. 5 and Thm. 6) together with its finite-reference corollary (Cor. 7) and the strictness
and Manski corollaries (Cors. 14 and 15); and App. B.4 proves sharpness (Thms. 10 and 11, Cor. 17) and the
comparison with the bound of Kim et al. (2018) (Props. 8 and 9). All validity proofs follow the same playbook:
the ETT function g, (x,x’) is bounded pointwise by chaining consistency on the diagonal with the STR and
STS inequalities, and the pointwise bound is then averaged over the received treatment X’ ~ P(X | z) through
the tower property 7(x,z) = E[g,(z,X’) | 2] of Eq. 3. The sharpness proofs run in the reverse direction:
they exhibit an admissible ETT function that attains the bound and realize it by an SCM that reproduces the
observational law.

Throughout, statements about a fixed covariate value z hold for P-almost every z, with regular versions of the
conditional laws, and all integrated functions of (z, x, ) are jointly measurable. Apart from Lem. 1 and Prop. 2,
the proofs use only (A1), (STR), (STS), and consistency, with arbitrary costs; by Prop. 2 and the convention of
Sec. 2.1, this covers (A1)—(A3), with S, replaced by S, which carries all of P(X | z) and whose points have
neighbourhoods of positive mass (see the proof of Prop. 2).

B.1 Structural sufficient conditions

Lemma 1. Under (A3), for every z € Z and every pair xj, x} € X with p(x} | z) > 0 and p(x} | z) > 0,

Lx [lzo — @i ||
max{p(z; | z), p(z} | 2)}’

TV (a:f), xz}; z) <
where TV (x), x);2) 2 TV(P(U | xf,z), P(U | @, 2)) is the total variation between latent posteriors.
Proof. Fix z and write

¢=PU|z), pul@)=p(x|zu), p)=p|2) =/pu(w) dg(u), A= |lzp -]
Each p,, is Lx-Lipschitz by (A3). Since p is an average of these functions, it is Lx-Lipschitz as well:

Ip(ah) — pl))] < / P () — pu())] dg(w) < LyA.

By Bayes’ rule, whenever p(z’) > 0,

dP(u | ', z) =

Hence the total variation between the two latent posteriors is

2TV, (x), x5 2) = /‘p;(;zé)) - p;(gl/l)) ’ dq(u).

Adding and subtracting p,,(@})/p(x;) inside the absolute value and applying the triangle inequality, we obtain

| [ putat) datuw)

11
p(xzp)  p(xh)

1
2TVu (@ 1i2) <~ [ Ipulah) — pula))l daw) +|
p(xp)
By (A3), the first term is at most LxA/p(x(). Since [ p.(x})dg(u) = p(x}), the second term equals

p(z) — p()| _ LxA
p(xp) = plxp)’

1
e

1 ’ ,
- | p(at) =
ol
where the inequality uses the Lipschitz property of p. Combining the two terms gives

LyA  LyA 2LxA
plzg) — p(xp)  plwh)

2TV, (x), )5 2) <



Exchanging the roles of ¢ and x) gives the same bound with p(x}) in the denominator. Taking the better of
the two bounds gives Eq. 5. This completes the proof. O

Proposition 2. Under (A1), (A2), and (A3), for every z € Z the ETT function satisfies the following two
A

conditions with the costs pr = Ly || - || on X and ps £ k% on ST 2 {2z’ € S, : p(z’ | z) > 0}.
(STR) (Smooth treatment response.) For all z,& € X and ' € S},

92(x. @) — g2(Z,2")| < pr(, 2). (7)
(STS) (Smooth treatment selection.) For all x € X and x{, x| € ST,

|9=(2, ) — g=(z, @))| < ps(ap, ). (8)

Proof. We first prove (STR). Fix z,Z € X and ' € SJ. By Eq. 4, the two ETT values integrate different
response functions against the same latent posterior:

gz (x, x') — g (2, 2') = /(hu(:c,z) — hu(®,2)) dP(u | 2/, 2).

By (A2), |hy(x, 2) — hy(Z, 2)| < Ly ||z — || for every w. Since the bound holds for every stratum, it holds for
the average:
|92z, @') — g=(, @')| < Ly |z — || = pr (e, &),
This is (STR).
We next prove (STS). Fix « € X and x, 2} € SJ. By Eq. 4, the two ETT values share the response functions
and differ only through the signed measure
dA(u) = dP(u | ), z) — dP(u | 2}, 2),

which has zero total mass. Let ¢ be the midpoint of Y. By (A1), each hy (2, 2) € Y, 50 |hy (2, 2)—c| < 3 diam(Y).
Since A has zero total mass, subtracting ¢ from the integrand does not change the integral, and therefore

g2 (@, 2h) — g, 2})| = ‘/(hu(w,z) — ) A u)| < diam(¥) TV, (zh, 2 2).

Since p(x(, | ) > 0 and p(z} | z) > 0 on SF, Lem. 1 bounds the right side by k. (x{,z}); this is Eq. 6. To
pass to the chain closure, let @ = ayg,...,a; = b be a chain in SF. Applying Eq. 6 to each link and the triangle
inequality, we obtain

|92(,a) — g=(x,b)| < Z 192(®, @) — g=(®, @iv1)| < Zﬂz(ai,ai+1)~
Taking the infimum over chains gives |g.(x,a) — g.(x,b)| < k% (a,b), which is (STS) with x%.

We next verify that the cost is regular. The cost x} is symmetric and vanishes on the diagonal. Concatenating
a chain from a to b with a chain from b to ¢ gives a chain from a to ¢, so

ki(a,c) < ki(a,b)+ k(b c).
Hence £ is a pseudometric. It is continuous on S7 . Indeed, for @ € S} and b — a, the one-link chain gives
Lx diam(Y) ||a — b||

k3(a,b) < ky(a,b) < (a]z)

— 0,

and the triangle inequality gives
k2 (a,b) — kZ(a’, b)) < kZ(a,a) + KL (b, b').
Finally, we show that S} has full measure. Since P(X | z) has density p(- | z),
P(p(X|z):0‘z):/ plx | z)de =0,
{p=0}
so S carries all of P(X | z). The proofs of Thms. 6 and 10 use the support only through this property and

through the fact that each of its points has neighbourhoods of positive mass, which S} C S, inherits. Hence
both theorems hold with S} in place of S,, and no integral changes. This completes the proof. O



B.2 STR and STS bounds
Lemma 3. Under (A1)-(A3), for every (x,z) € X x Z, the following inequalities hold:

w(w,2) < BV |2 < w(z,2), 9)
where, for a draw X' ~ P(X | z) of the received treatment, the bounds are

(a:,z)é]E[(u(X’,z)pr(w,X’))\/g | z],
w(x, z) £E[ (WX, 2) + pr(z, X)) Ay | 2].

(S

(10)

Proof. By the tower property over the received treatment X' ~ P(- | z),
E[Yy | 2] = E[gz(z, X') | 2].
It therefore suffices to bound g, (x, ') pointwise for &’ € S,. By consistency,
g=(2', ') = (', z), z' € S,.
Applying (STR) at the received treatment @', between the intervened treatments & and @', we obtain
g2 (2, @) — (@, 2)| = lga (@, 2') — ga(a',2)]| < pr(e, @),

Moreover, g.(x,x’) € [y,7] by (Al), being an average of values of fy. Combining the two constraints, for every
' €S,
(M(xla Z) - ,DT($, wl)) \ Y < gz(ma m/) < (p,(:])l, Z) + pT($, m/)) NT.

Substituting ' = X’ and taking expectations given z, monotonicity of the expectation yields
w(x, z) < ]E[gz(a:,X’) | z] =E[Y; | 2] < w(=x, 2),
where the two sides are the definitions Eq. 10. This proves Eq. 9. O

Corollary 12. Under (A1)-(A3), suppose additionally there is no unobserved confounding, Yy L X | Z.
Then p(x,z) = 7(x,2z) on S, and the ETT is constant in the received treatment, E[Y, | o', z] = 7(x,2)
for every ' € S,. FEvery observed treatment therefore constrains the same constant 7(x,z), so the average
over P(X | z) that defines the bounds w(x, z),w(x, z) can be replaced by the intersection of the per-treatment
intervals, sharpening it to the Lipschitz bound of Khan et al. (2024)
sup [M(mlv Z) - pT(CU,%/)] < T(iE, Z)
x’'€S, (22)

< nf [u@',2) + pr(@.2)].

Proof. Under Y, L X | Z, conditioning on the received treatment does not change the mean of the potential
outcome, so for every &’ € S,
gz(x, @) = E[Y, | 2/, 2] = E[Y, | 2] = 7(x, 2),
independent of ’. Taking &’ = x € S, and using consistency ¢, (x,x) = p(x, z), we obtain u(x, z) = 7(x, 2).
The pointwise bound in the proof of Lem. 3 now constrains this constant: for every observed &’ € S,
(@, 2) € [u(a’, z) — pr(z, @), p@' z) +pr(z,a)| NY.

Since every @’ constrains the same constant 7(x, z), the average over P(X | z) may be replaced by the intersection
over ' € S,. Taking the supremum of the lower ends and the infimum of the upper ends gives Eq. 22.

It remains to show that each side is attained at a single observed treatment. Chaining the upper bound through
an intermediate observed treatment m € S, first from ' to m and then from m to x, gives the upper value
p(@', z) + pr(m,x’) + pr(x, m). By the triangle inequality for pr,

[L(:Bl, Z) + pT(m7 .’1}/) + pT(CE, m) > :u(ml7 Z) + pT(:B? .’13,),

so passing through m only relaxes the bound, and the nearest effective observed treatment determines it (the
no-interaction property). The lower side is symmetric. This completes the proof. O



Lemma 4. Under (A1)-(A3), for every z € Z and x € Sy, the following inequalities hold:
wy(x,z) < EYy | 2] < wx(x,z), (11)
where, for a draw X' ~ P(X | z) of the received treatment, the bounds are
wy (@, 2) 2 E[ (u(@, 2) - ps(X',))
Tx (@, 2) 2 E[ (u(@, 2) + ps(X', @)
Proof. The proof follows that of Lem. 3, with (STS) in place of (STR). By the tower property,
EYz | 2] = E[gz (=, X') | 2],
while u(x, 2z) is constant in X'. Since x € S, consistency gives
g9z (z, ) = p(x, z).
Applying (STS) at the intervened treatment &, between the received treatments x’ and x, we obtain
|9=(2, @) — p(@, 2)| = |g:(@, 2) — g:(@, )| < ps(a’, z).

As before, g, (x, ') € [y,7]. Hence, for every x’ € S,

(M(SC, Z) - pS(w/a SC)) \/g < gz(w’ ml) < (M(JI, Z) + ps(wla SC)) NY.

Substituting ' = X’ and using monotonicity of the expectation gives Eq. 11, the two sides being Eq. 12. This
completes the proof. O

B.3 Combined bounds

Lemma 13. Let pr and ps be pseudometrics on X and S, and d.((x,z'),(a,b)) = pr(x,a) + ps(z’,b). A
function g : Xx .S, — R satisfies the inequalities of (STR) and (STS) with these costs if and only if |g(p)—g(q)| <
d=(p,q) for all p,q € X x S.

Proof. We first show that a d,-Lipschitz function satisfies the two conditions. Let g be d,-Lipschitz. Taking
p=(x,x') and ¢ = (&,2’), and using ps(a’,x’) = 0,

|g(m, wl) - g(jv wl)| < pT(iB, :i:) + ps(wlv :B/) = PT(w, j),
which is the inequality of (STR). Taking p = (x,x() and q = (z, z}), and using pr(z,z) =0,
l9(@, @) — g(@, 21)| < pr(x, @) + ps(@, @) = ps(@p, 1),

which is the inequality of (STS).

We next prove the converse. Suppose g satisfies the inequalities of (STR) and (STS), and let p = (x,z’) and
q = (a,b). Passing through the intermediate point (a,«’) and applying (STR) to the first step and (STS) to
the second,

|g(mv m/) - g(aa b)| < |g((13,.’13/) - g(a7wl)| + |g(a,a:’) - g(a'7 b)' < pT(m7a) + ps(.’B/, b)
The right side is d.(p, q), so ¢ is d.-Lipschitz. This completes the proof. O

Lemma 5. Under (A1)-(A3), for every z € Z the ETT function is Lipschitz for the product cost: |g.(p) —
92(q)| < d(p,q) for all p,q € X x S,. In particular, for every x € X and &’,s € S,

’]E[Ym | az',z] - M(S,Z)‘ < p(s,w’) (13)
with p(s,x') £ pr(x,s) + ps(’, s). (14)



Proof. By Prop. 2 and the convention of Sec. 2.1, the ETT function satisfies (STR) and (STS) with the costs of
Prop. 2. By Lem. 13, it is therefore d.-Lipschitz:

l92(P) — 92(q)| < d=(p, q), p,geXxS,.

Now take p = (z, ') and g = (s, s) with s € S,. By consistency, g.(s,s) = u(s, z), and by the definition of the
product cost,
d.((x, '), (s,8)) = pr(z, s) + ps(’, 5) = p(s, x).

Substituting both into the Lipschitz inequality gives
E[Yz |2, 2] — u(s, 2)| = lg=(@,2') — g2(s,8)| < p(s,2),

which is Eq. 13. This completes the proof. O

Optimality of the L-shaped path. Lem. 5 reaches the reference point along a two-step, L-shaped path: one
step in the intervened treatment and one in the received treatment (Fig. 3, blue). Chaining the two conditions
along any other path that moves one coordinate at a time, such as the zig-zag of Fig. 3 (grey), cannot give a
smaller cost. To see this, let

(z,2") = (ag,bo), (a1,b1),..., (ax, br) = (s, s)

be such a path in X x S,, where each step changes either the intervened treatment, at cost pr(a;,a;+1) by
(STR), or the received treatment, at cost pg(b;, b;+1) by (STS). Summing the steps bounds |g.(x, ') — u(s, z)]
by

> er(ai,ai) + Y ps(bi,big),

ieT =
where T and S index the STR and the STS steps. The STR steps form a chain from @« to s in the first argument,
and the STS steps a chain from z’ to s in the second, because each argument is unchanged by the steps of the
other kind. By the triangle inequality for each cost,

> pr(aiai) > pr(z,s), > ps(bi,bit1) > ps(a’, s),
€T €S

and the sum of the two right sides is the cost p(s,x’) of the L-shaped path. The two orders of the L, through
(s, x’) or through (x, s), cost the same. A path through several diagonal points does no better either: bounding
g=(x, ") by p(s1, z) and then p(s1, z) by u(s2,z) costs

dx((z,x'), (s1,81)) +d=((s1,81), (82, 82)) > dx((®,2'), (52, 82)) = p(s2, '),

and the bounds of Eq. 15 already optimize over the endpoint. So the L-shaped path to the best reference point
is the cheapest way to combine the two conditions, and Thm. 10 shows more: no argument at all can improve
the resulting bound, because it is attained. The geometry is standard Lipschitz geometry; what is not standard
is which bound is sharp, and that intermediate reference points are needed to reach it.

Theorem 6. Under (A1)-(A3), for every z € Z the ETT function satisfies L, < g, < U, on X x S,. Conse-
quently, for every & € X, including ¢ S,, and a draw X' ~ P(X | z) of the received treatment,

E[L.(x, X') | z] < 7(x,2) <E[U.(w, X') | 2]. (16)

Proof. Let g, be the ETT function of an SCM in .# (pr, ps) that reproduces P(X, Z,Y). Its diagonal is u(-, z)
by consistency, and it takes values in Y by (Al). Fix (z, ') € X x S, and a reference point s € S,. By Lem. 13,
g is d,-Lipschitz, so consistency gives

gz(x,x') < g.(s,8) + dz((:c, x'), (s, s)) = u(s, z) + p(s, ).

Since this holds for every s € S,, taking the infimum over s and using g, < ¥ gives

gs(@,2) < ( inf [u(s,2) + pls.@)] ) AT = Us(a,@).



The lower bound is symmetric: g, (x,z") > u(s, z) — p(s,x’) for every s € S,, and g, > y, so
ge(@.@) = (sup [u(s,2) = p(s,@)] ) Vy = La(w, ).
sSES, B
This proves L, < g, < U, on X x S,.

We next average over the received treatment. The bounds U, and L, are bounded, so the expectations below
exist. Substituting @’ = X’ ~ P(X | z) in the pointwise bounds and using 7(x,z) = E[g.(x, X’) | 2],
monotonicity of the expectation gives

E[L.(z,X') | 2] <E[g.(x,X") | 2] = 7(x,2) <E[U.(x, X") | 2],
which is Eq. 16. This completes the proof. O

Corollary 7. Under (A1)-(A83), let 1 C S, be a nonempty reference set, and let U, 1 and L, 1 be the bounds of
Eq. 15 with the infimum and supremum restricted to . Then L1 < L, <U, < U, 1, so that

E[L.i(z,X') | z] <7(®,2) <E[U.1(z, X') | 2] (17)

for every © € X. The bounds tighten as I grows. For finite I, they cost O(n|l|) per query when P(X | z) is an
empirical law on n points.

Proof. Since I C S, the infimum over I is at least the infimum over S,: for every (x,z’),

Jnf [u(s,2) + pls, )] < influ(s, z) + p(s,2")].

Taking the minimum with % on both sides gives U, < U, 1, and symmetrically L,3 < L.. Validity of Eq. 17
then follows from Thm. 6 and monotonicity of the expectation:

E[L.1(x,X") | z] <E[Ly(x,X") | 2] < 7(w,2) E[U.(x,X) | 2] <E[Uz1(x, X') | 2].

It also follows directly from Lem. 5 at the points of I, without Eq. 19. Enlarging I enlarges the index sets of
the infimum and supremum, so the same comparison shows that the bounds tighten as I grows. Finally, when
P(X | z) is an empirical law on n points, each of the n received treatments requires a minimum and a maximum
over the |I| reference points, which gives the operation count O(n|I|). This completes the proof. O

Corollary 14. Fiz x € X and a reference set 1 C S,. Then E[U,(x, X') | 2] < E[U,1(x, X’) | 2] if and only if
Uu(x, X') < Uy p(x, X') with positive probability, that is, if and only if some reference point s € S, improves on
the minimum over I (and on Y) for a set of received treatments of positive probability. The same holds for the
lower bounds.

Proof. By Cor. 7, the gap
D(x') 2 U, p(z, @) — U, (z,2') >0

is nonnegative, and it is bounded. The expectation of a nonnegative function is positive if and only if the function
is positive with positive probability, so

E[U.(z, X') | z] <E[U.1(z,X') | z] < P(D(X')>0]z)>0.
By the definition Eq. 15, D(x’) > 0, that is, U,(z, ') < U, (=, '), holds exactly when some s € S, has
pls.2) + pls,a’) <TA it [u(s",2) + p(s",2)].
The lower bounds are symmetric. This completes the proof. O

Corollary 15. Let X be finite with Y = [y, 7], and write n(x,z) £ P(X = | z). If pr = ps = c1{- # -} with
¢ > diam(Y) (no smoothness), then for every x € X the sharp set ©(x, z) of Thm. 10 (Eq. 18) is the conditional
Manski interval (Manski, 1990)

O(x, 2) = [(x, 2) w(m, 2) + (1 — n(x, 2))y,
m(x, z) u(x, z) + (1 —7(x, z))y],

with mu read as 0 when w(x,z) =0. For x € S, and any pr, the singleton reference set 1 = {x} of Cor. 7 with
ps = c1{- # -} returns the same interval.

(23)



Proof. The costs ¢1{- # -} are pseudometrics, and they are continuous on the finite set X. Moreover, for all
s# s,
(s, 2) — u(s', 2)| < diam(¥) < 2¢ = pr(s, s') + ps(s, ).

So Eq. 19 holds, and Thm. 10 applies.

We next compute the bounds. Consider the terms u(s, z) + pr(z, s) + ps(a’,8) of Eq. 15. If &’ = x € S,, the
reference point s = x gives the term u(x, z), and Thm. 10(a) gives

U.(x,x) = p(x, 2).
If ' # x, every s differs from @ or from «’, so at least one of the two costs equals ¢, and every term satisfies
u(s, z) +pr(z,s) +ps(x’,8) >y +c>7.
Hence U, (x,x’) =g for @’ # x. Symmetrically,

L(z,z) =z, 2), Liz,2)=y (2'#z)

Finally, we average over X’ ~ P(X | z). The atom X’ = & has probability 7 (x, z) (zero if x ¢ S), and every
other received treatment takes the trivial values. Therefore

E[U.(x, X') | z] = n(x, 2) p(z, 2) + (1 — 7(x, 2))7, E[L.(x, X') | 2] = n(w, 2) w(w, 2) + (1 — 7(x, 2))y,

and Thm. 10(b) gives Eq. 23.
For the singleton I = {x}, the only term is

Wz, z) + pr(z, ) + pS(wl7m) = p(x,z) + C]l{ﬂl‘/ # x},

whatever pr is. It equals pu(x, z) at ' = x and is at least y + ¢ > 7 otherwise, so the same computation applies
and returns the same interval. This completes the proof. O

B.4 Sharpness analysis

Call a function g : X x S, — Y admissible if it satisfies the inequalities of (STR) and (STS) and has diagonal
u(+, z). By Lem. 13, such a diagonal satisfies Eq. 19 and is continuous, so we take the continuous version of
w(+, z). By consistency and (A1), the ETT function of every SCM in . (pr, ps) that reproduces P(X,Z,Y) is
admissible. The following lemma establishes the converse.

Lemma 16 (Realization). Let {g, }.cz be a family of admissible functions, jointly measurable in (z,x,2’). Then
there exists an SCM in M (pr, ps) that reproduces P(X,Z,Y) and whose ETT function is g, at every covariate
value z.

Proof. Let (Z,X) ~ P(Z,X) and ¢ ~ Unif(0,1) be independent, and let Qg . be the quantile function of Y
given (X, Z) = (2', z), chosen jointly measurable. Take the latent confounder U £ (Z, X), the outcome noise
ey £ ¢, a degenerate ex, and set Z « Z, X + X, and

Y« fy(X,Z,U,ey), fy(wvz,(f%,i)ﬁ)é{:’ i 2

We first verify that this SCM reproduces the observational law. Observationally, X = X, so the first branch of
fy applies, and o
(Z,X)=(Z,X)~P(Z,X), Y =Qx z(e).

Since £ ~ Unif(0, 1) is independent of (Z, X), Qx z(¢) has the true conditional law of Y given (X, Z). Hence
P(X,Z,Y) is reproduced. Moreover, all values lie in Y: the conditional quantiles of Y lie in Y by (A1), and g3
takes values in Y by admissibility.



It remains to verify that the ETT function of this SCM is g.. Under do(x), the potential outcome is
Y:c = fY(maza UaE)a

and conditioning on the received treatment @’ and the covariate value z amounts to conditioning on (Z X ) =
(z,2"). For  # x’, the second branch applies, and

E[Yy | x/,z] = gz(a:,m').
For & = @/, the first branch applies, and since ¢ is independent of (Z, X),
E[Yy | 2, 2] = E[Qm/yz(s)] =u(x', z) =g.(z', '),

where the last equality uses that g, has diagonal u(-, z). So the ETT function of this SCM is g, at every covariate
value. Since each g, is admissible, it satisfies (STR) and (STS), and the SCM lies in .# (pT, ps). This completes
the proof. ]

Theorem 10. Under (A1), (STR), and (STS), fix z € Z and suppose u(-, z) satisfies Eq. 19. Then:

(a) (Attainment) U, and L, take values in Y, satisfy the inequalities of (STR) and (STS), and equal pi(s, z)
at every diagonal point (s, s);

(b) (Sharp set) for every x € X, including ¢ S,

O(z, z) = []E[Lz(:c,X’) | 2], E[U.(z, X') | 2] } (20)

If Eq. 19 fails on a set of covariate values of positive probability, no SCM in # (pr, ps) reproduces P(X,Z,Y),
and the model is refuted.

Proof. We first prove (a). For each s € S, consider the map

0s(p) £ (s, z) +d=(p, (s,8)), peXxS,.

By the triangle inequality for d, each @g is d,-Lipschitz:

l0s(P) — ws(@)| = |d=(p, (s,5)) — d=(a. (s, 9))| < dz(p, @)

An infimum of d,-Lipschitz functions is d,-Lipschitz whenever it is finite, and here it is bounded below:

inf > inf > .
g eep) > 0l p(s2) 2y

Taking the minimum with the constant § preserves the property. So U, = (inf s <ps) AT is d-Lipschitz and takes
values in Y, and by Lem. 13 it satisfies the inequalities of (STR) and (STS).

It remains to compute U, on the diagonal. Fix s € S,. The reference point s itself gives
U.(s,8) < u(s,z) + pr(s,s) + ps(s,s) = u(s, z).
Conversely, by Eq. 19, for every s’ € S,

u(s',z) + pr(s,s') + ps(s,8') > u(s, z),

and § > u(s, z). Taking the infimum over s’ and the minimum with 7 gives U, (s, s) > u(s, z). Hence U, (s, s) =
u(s, z). The argument for L, is symmetric. This proves (a).

We next prove (b). By (a), U, and L. are admissible. The admissibility constraints are convex in g, so for every
A €[0,1],
A
gx = U, + (1 — /\)Lz
is admissible. The integrals E[gx (2, X') | z] exist, because gy (x, -) is ps-Lipschitz, hence continuous and bounded.

By linearity,
E[g,\(cc,X’) | z] = /\E[Uz(a:,X’) | z] +(1 - )\)IE[LZ(:C,X’) | z],



which sweeps the interval of Eq. 20 as A runs over [0,1]. By Thm. 6, ©(x, z) lies inside that interval. Conversely,
fix A € [0,1] and take the family g built at every covariate value from the same A. Since (STR) and (STS)
hold at every covariate value, (-, z') satisfies Eq. 19 for almost every z’, so by (a) this family is admissible at
almost every covariate value. By Lem. 16, it is the ETT function of an SCM M € . (pr, ps) that reproduces
P(X,Z,Y), and by Eq. 3,

Em[Yz | 2] =E[gr(z, X') | 2].

Hence every point of the interval lies in ©(x, z), which proves (b).

Finally, we prove the refutation claim. If an SCM in . (pT, ps) reproduces the observational law, then for almost
every z its ETT function has diagonal u(-, z), which then satisfies Eq. 19 by Lem. 13. Therefore, if Eq. 19 fails
on a set of covariate values of positive probability, no such SCM exists. This completes the proof. O

Corollary 17. Under (A1), the class A (pr,ps) contains an SCM that reproduces P(X,Z,Y) if and only if
Eq. 19 holds for P-almost every z. With Euclidean costs this reads |u(s,z) — p(s', z)| < (Ly + C)||s — §|| on
S.: the Lipschitz constant of the observed regression on the support is an identified lower bound on Ly + C. In
particular, under (A1)-(A3), Eq. 19 with the costs of Prop. 2 is a testable implication.

Proof. We first prove necessity. If an SCM in . (pr, ps) reproduces P(X, Z,Y’), then Eq. 19 holds for P-almost
every z by the refutation part of Thm. 10.

We next prove sufficiency. Suppose Eq. 19 holds for P-almost every z. By Thm. 10(a), U, is admissible at almost
every z, and Lem. 16, applied to the family {U,}, gives an SCM in .# (pr, ps) that reproduces P(X,Z,Y).

Finally, with Euclidean costs pr = Ly|| - || and ps = C|| - ||,
pr(s,s') +ps(s,s’) = (Ly + C)lls = &',
so Eq. 19 takes the stated form. This completes the proof. O

Proposition 8. Let X C R, without covariates, and pt =b|-|, ps = a| - |. For any query x € S, the combined
STR+STS upper bound of Kim et al. (2018, Prop. D.3) gives the following

uz(z) £ Emin{p(z) + a| X" — x|, p(X') + b/ X' —z|}],

which is the bound of Cor. 7 with the two-point reference set {x,x'} chosen separately at each received treatment
x’ (without the intersection with Y).

Proof. With I = {x, 2’} at the received treatment z’, Eq. 15 has two terms. The reference point s = x contributes
() +b-0+ale’ — | = u(x) + ale’ — al,

and the reference point s = 2’ contributes
w(z") +blr — 2’| +a-0=pu(z") + bz’ — |

The minimum of the two is the integrand of ug(z), so averaging over the received treatment gives the bound of
Cor. 7 with this reference set. Validity follows from Lem. 13 and consistency at these two points, pointwise in
2’. This completes the proof. O

Proposition 9. The bound us of Prop. 8 is not sharp in general: for some costs, observational distribution, and
query x € S, ug(x) strictly exceeds E[Y,] in every SCM satisfying the STR and STS conditions with these costs
and reproducing the observational distribution.

Proof. Take a = b = 1, the treatment uniform on S = {0,1,2}, Y = pu(X) with u = (0,—1,0), and the query
x = 2. Write g(z,2') £ E[Y, | X = 2/] for 2,2’ € S. The data fix the diagonal,
gz’ 2") = p(z'), z' € S.

The two-point bound uses the columns s € {2,2'} of Table 1, which give the row values (2,0,0) at 2’ = 0,1, 2.
Hence
ur(2) =4(24+0+40) = 2.



We first show that every model has E[Y,—5] < 1/3. Take any model whose ETT satisfies STR and STS with
a =b =1 and whose diagonal is u. At 2’ = 2, the diagonal gives g(2,2) = 1(2) = 0. At 2/ =1, STR gives

g9(2,1) <g(1,1)+1=0.
At 2/ =0, STR and then STS at = 1 give
9(2,0) <g(1,0)+1<g(1,1)+2=1

Therefore
E[Y,=2] = §(9(2,0) + 9(2,1) + 9(2,2)) < 51 +0+0) = 3.

This uses only the two Lipschitz conditions and the diagonal, not any bound on the outcomes, so it holds over
the whole class of Kim et al. (2018).

We next show that the value 1/3 is attained. Let g be the function with rows indexed by x and columns by z’,

0 0 1
(g(xaxl))x’xles = 0 -1 0 ’
1 0 0

this is the upper bound infs[u(s) + |z — s| + |2’ — s|]. Adjacent entries of every row and every column differ by at
most 1, so g satisfies STR and STS with @ = b = 1, and its diagonal is . The model X ~ Unif(S), Y, = g(z, X)
has ETT ¢ and observational outcome Y = g(X, X) = u(X), so it reproduces the observational law, and

E[Y,—2] = £(1+0+40) = 1.

Combining the two steps, the sharp upper bound is 1/3 < 2/3 = u2(2): the two-point bound is loose, in the
setting of Kim et al. (2018) as well as in ours. This completes the proof. O

Theorem 11. Let x1,xo € X, including treatments outside Sy, let r £ pr(x1,x0), and let C(xy,x0, z) denote
the interval

[ —]E[min{Uz(mo,X’) — Ly(x1, X"), 7} ‘ z],
(21)
E[min{U (@1, X') — L.(x0, X'), 7} | 2] ]
(a) (Validity) Under (A1)-(A8), 7(x1,2) — 7(x0, 2) € C(x1, X0, 2).
(b) (Sharpness) Under (A1), (STR), and (STS), if u(-,z) satisfies Eq. 19, then C(x1,xo,2) is exactly the
identified set of the CATE over the SCMs in 4 (pr, ps) that reproduce P(X,Z,Y).
Proof. Write U; £ U,(z;,-) and L; = Ly(xj,-) on S, for j € {0,1}, and d £ d,. By Thm. 6 applied to the
admissible function U, of Thm. 10(a), L; < U;.
We first prove (a). Let g be admissible and «’ € S,. By Thm. 6,

g(x1, ') — g(xo, ") < Ur(x') — Lo(z'),

and by (STR),
g(x1, ') — g(xo, ) < pr(m1,T0) =7

Hence g(x1,x') — g(xo, ') < min{U;(x') — Lo(x'), r}. Integrating the smaller of the two over P(X | z) and
using Eq. 3 at both treatment levels gives

(@1, 2) — 7(20, 2) < E[min{U1(X") — Lo(X'), 7} | 2],

the upper endpoint of Eq. 21. Exchanging x; and x( gives the lower one.

We next prove (b), starting with the upper endpoint. Define on S,

a= U, b2 max{Lg, Uy — 1}, so that a—b=min{U; — Lo, 7}



pointwise. It remains to exhibit an admissible g with g(x1,-) = a and g(xg,-) = b. Let
A2 ({z1, 20} x S;)UD,  D2{(s,s):s€8.},

and define g on A by a on {@1} X S5, by bon {xp} x S, and by u(:, z) on the diagonal D. The triangle inequality
for pr gives
pr(z1,8) <7+ pr(z0,8),

and the clipping at % and y preserves the resulting inequalities
U1 SU()'F?", L0§L1 +r. (24)
We check that g is d-Lipschitz on A, pair type by pair type.

e Diagonal-diagonal: this is Eq. 19.

e a—diagonal: the requirement is
la(z") — u(s, z)| < pr(x1,s) +ps(x’,s)  forall s,x’ € S,,

which holds whenever Ly < a < Uy, by the definitions Eq. 15; here a = U;.

e b—diagonal: likewise, this requires Ly < b < Uy. The lower inequality holds by the definition of b, and the
upper one because Ly < Uy and Uy —r < Uy by Eq. 24.

e a-a and b-b: Uy, Lo, and Uy — r are pg-Lipschitz by Thm. 10(a), and a maximum of ps-Lipschitz functions is
ps-Lipschitz.

e a(s) —b(s") <r+ps(s,s’): by the definition of b and the pg-Lipschitz property of Uy,

b(s') > Ui(s') —r > Ui(s) — ps(s,s') —r.

o b(s') —a(s) < r+ps(s, &) if b(s") = Ui(s’) — r, this follows from the ps-Lipschitz property of U;. If
b(s’) = Lo(s’), then by Eq. 24,

Lo(s") < Ly(8) +r <UL (8") +r <UL(8) + ps(s,s’) + .

The values lie in Y, since y < Ly < b < Uy < 7. Points of A that coincide receive consistent values. If z; € S,

then a(x1) = Ui(x1) = p(x1, 2) by Thm. 10(a). If g € S,, then Lo(xo) = p(xo, z), and the reference point
s = xp in Eq. 15 gives

Ui(xo) — 7 < p(xo, 2) + pr(x1, xo) + ps(xo, o) — 7 = p(xo, 2),

so b(xg) = p(xg, 2).
We now extend g from A to X x S, by the McShane formula (McShane, 1934)

9(a) £ min{ﬂ, inf [9(p) +d(q.p)] } geX xS,

It is d-Lipschitz, it agrees with g on A because g is d-Lipschitz on A and bounded by ¥, and it takes values in
Y because g > y on A. By Lem. 13, § satisfies the inequalities of (STR) and (STS), and it has diagonal (-, 2)
because D C A, so it is admissible. As in the proof of Thm. 10(b), U, is admissible at almost every covariate
value z’. By Lem. 16, with § at covariate value z and U, at every other covariate value, there is an SCM in

A (pr, ps) that reproduces the observational law, and by Eq. 3 its CATE is
Ela(X') — b(X') | z] = E[min{U(X") — Lo(X"), 7} | 2],

the upper endpoint.

Finally, exchanging the roles of ¢, and x( attains the lower endpoint. The admissible functions form a convex
set and the CATE is linear in the ETT function, so the identified set is the whole interval. This completes the
proof. O



C EXPERIMENTAL SETUPS

This appendix specifies the three settings of Sec. 5: the V-shaped discrete SCMs (Sec. C.1), the continuous V-
shaped and smooth V-shaped families (Sec. C.2), and the controlled IST-derived binary model (Sec. C.3). It then
reports two additional experiments: smooth polynomial, logistic, phase, and curved-linear separation examples
(Sec. C.4), and a controlled reference-set ablation on the counterexample of Prop. 9 (Sec. C.5). Conditional on
each model, regressions and targets are finite latent sums; continuous bound integration uses the stated numerical
quadrature. All experiments run on CPU on a single laptop (Apple M1 Pro, 16 GB memory); no GPUs are used.

Ours and Kim receive identical regressions, valid smoothness costs, outcome ranges, and integration weights. Kim
uses the per-pair endpoints; ours adds the supported reference grid before clipping and averaging. Synthetic SCMs
use their exact structural constants, with STR cost Ly |x—s| and STS cost C|z’—s|, where C' = Lx diam(Y)/pmin-
Controlled IST instead uses exact finite-grid STR/STS constants of its constructed treatment-on-treated means.
CMSM receives the same conditional outcome distribution.

CMSM uses the smallest single A* > 1 whose interval contains every evaluated target within one SCM or IST
age group. This target-based calibration gives full coverage by construction and is not an observable calibration
rule. Let wj, = P(U = u; | X = z,) and y;q be the conditional outcome atoms; for the IST-derived model these
are Bernoulli atoms with probabilities 1 — u(x,) and u(z,). For a target ¢, = 7(z,) define

Ay = ij‘I(yjq —tg)+, By = ijq(tq — Yjg)+-
J J

The minimum per-query tilt satisfies logA, = %| log A, — log B,|. We evaluate these sums in log space and
use one A* = max, A, per model, rather than choosing a separate reported parameter per query. Zero-mass
atoms are removed; a constant conditional outcome equal to its target needs Ay = 1. A nonconstant law cannot
reach an extreme atom with a finite tilt, and such an input fails explicitly. The exporter records the threshold
separately from the 107! slack added to log;q A* for numerical evaluation (no slack when A* = 1). It checks
coverage, failure just below a nontrivial threshold at its binding query, and that the threshold does not exceed
the sufficient budget from both directions of p(x | u)/p(x). Unit checks compare this inversion with forward
numerical search and the Bernoulli formula. Coverage calibration uses the known target; it does not establish
membership of the true assignment law in the calibrated CMSM.

We use a treatment-axis adaptation of the Lipschitz-envelope construction of Khan et al. (2024). Its anchors
are the exact observational means on the sorted union of the observation and supported query grids, and its
constant is the maximum absolute adjacent secant slope on that union. Every query has an exact anchor, so the
envelope is the singleton {y(z,)} independently of the constant. The implementation verifies this identity before
removing floating-point roundoff. Coverage is evaluated against 7(z4) and may fail because these models are
confounded; we do not assert full coverage for this baseline. This is an assumption-mismatch comparison, not a
counterexample to Khan’s unconfoundedness-based guarantee. The resulting zero-width intervals cover 14.11%
of discrete targets and 4% in each continuous family and IST group.

Figure 4 uses saved system 0 from the discrete and smooth V-shaped continuous families and the middle IST age
tertile, without selecting systems for improvement. Discrete treatments use interval bars and target markers; the
remaining panels connect evaluated grid points. The table pools both continuous families even though the figure
displays only the smooth family. Run plot_section5.py to reproduce the figure from saved intervals without
rerunning experiments.

C.1 Discrete SCMs with a V-shaped response

The discrete models use a response with a pronounced interior minimum, so that global references can tighten
Kim’s per-pair endpoints. Let U € {—1,+1} with P(U = —1) = p_, and let X have an odd, equally spaced
support of size K on [—1, 1]. Define
1+ pux; 2(blz| + cu+¢)
PX=z;|U=u)=—F—F— Y, =——F—— = -1
X =a; [U=u) K b+ 2c

The canonical coefficients are K =7, b =1, ¢ = 1/2, p = 0.1, and p_ = 1/2. Assignment is generated by an
independent uniform variable through the conditional inverse CDF. Both latent types have positive probability,



Table 3: Stronger discrete variant with a V-shaped response. Widths are divided by the attained outcome range,
diam()) = 2. Ours and Kim use identical exact structural constants; all random draws are retained.

Setting SCMs Queries Ours width Kim width Reduction (%) Coverage (both)

Canonical 1 7 0.1119 0.1391 19.57 1.00/1.00
Random 500 3544 0.1118 0.1383 19.17 1.00/1.00
Canonical V-shaped SCM All random draws Confounding sensitivity
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Figure 5: Discrete V-shaped SCMs with matched structural constants and exact outcome-range clipping. Left:
the canonical V-shaped response, its confounded observational regression, and both intervals. Middle: mean-
width reductions for all 500 random systems. Right: the reduction across the assignment-tilt sweep, including
settings where the methods tie.

assignment has full overlap, and the outcome attains both —1 and +1 at supported treatments. Thus the supplied
clipping range is exact, rather than enlarged to create an apparent improvement.

Both methods receive the maximum finite-support difference quotients of the response and assignment probabil-
ities. Independently, these have the analytic values

* 20 * P lfp C =

Ly = —— L min — 3
Y= hrac x=xg P K 1—p

We use these structural constants rather than substituting smaller direct ETT constants. At the canonical
coefficients, 7(z) = |z| — 1/2 and p(z) = |z| — 1/2 + 0.05z, so confounding is nonzero, with maximum gap
2.5% of the outcome range. The global reference s = 0 supplies the response minimum that Kim’s per-pair
endpoint references may omit. Adding this one reference to the endpoints reduces the normalized mean width
from 0.13908 to 0.11187, a 19.57% reduction, and gives the same interval as using every supported reference. The
improvement is strict at six of the seven queries. An independent finite LP agrees at every query; this verifies
sharpness in the induced STR/STS class, not sharpness under the stronger structural assumptions.

We draw 500 systems with K uniform on {5,7,9}, b ~ Uniform(0.9,1.1), ¢ ~ Uniform(0.45,0.55), p ~
Uniform(0.08,0.12), and p_ ~ Uniform(0.35,0.65), independently. This prior was designed after a feasibil-
ity check, so we do not interpret it as representative. No draw is rejected based on separation, coverage, or
confounding. The pooled normalized widths are 0.11181 for ours and 0.13832 for Kim: a 19.17% reduction over
3544 queries, with per-system reductions ranging from 13.91% to 20.20% and full coverage for both methods
(Table 3).

A separate canonical tilt sweep uses p € {0.05,0.1,0.15,0.2,0.3,0.5,0.7,0.9}, recalibrating both methods identi-
cally at every setting. At p = 0.2, the confounding gap is 5% of the outcome range and the mean-width reduction
remains 13.82%. The improvement falls to zero at p = 0.7 and 0.9; coverage remains complete throughout (Fig. 5).
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Figure 6: Continuous V-shaped and smooth V-shaped response families. Top: canonical bounds at identical
exact structural constants. Bottom: mean-width reductions against Kim across all 250 random draws per
family, including every draw without rejection.

The script 1pi_discrete_separation.py exports every random system, query interval, tilt setting, and nested
reference ablation, together with the analytic-constant checks and canonical LP endpoints.

C.2 Continuous SCMs with V-shaped responses

The continuous models extend the interior-minimum construction while retaining a strictly positive treatment
density on the entire interval. Let U € {—1,41}, P(U = —1) = p_, and define

2{bge(X) +cU+c}

1+ pux
B b+ 2c

p(l’ | u) T? T € [_17 1]7 Y = 13

where, writing D =1+ |m| and N, = v D? + €2 — ¢,

N CET T

ge(z) = N,

An independent uniform noise variable passed through the inverse conditional CDF defines the treatment equa-
tion. The response has its minimum at m and maximum at the farther support endpoint, so g. attains [0, 1] and
the outcome attains [—1,1]. With b,¢ > 0,0 < p < 1, and 0 < p_ < 1, the exact structural constants are

20D 2p
Lx =p/2, min = (1-p)/2, Ly = , C=—.
x=r/ b =2/ YT b+ 20)NVD? + € lL—p

The case ¢ = 0 is a Lipschitz V-shaped response; € > 0 gives a differentiable smooth approximation. Both
methods use these same structural constants, with no substitution of smaller direct ETT constants.

The canonical systems use b =1, ¢ = 0.5, p = 0.1, p_ = 0.5, m = 0, with ¢ = 0 or 0.05. Independently draw
b~ U[0.9,1.1], ¢ ~ UJ[0.45,0.55], p ~ U[0.08,0.12], p_ ~ U[0.35,0.65], and m ~ U[—0.1,0.1]. Set e = 0 for the



Table 4: Controlled IST-derived binary SCM: mean widths and coverage at identical oracle STR/STS constants.
Each age group has 25 treatment queries. This model has a new, explicitly constructed target.

Age Ours width  Kim width Reduction (%) Ours cov. Kim cov.

1667 0.01972 0.01981 0.47 1.00 1.00
6877 0.04844 0.04909 1.32 1.00 1.00
78-99 0.04362 0.04440 1.76 1.00 1.00

V-shaped family and draw e ~ U[0.025,0.075] for the smooth family. Seed 0 generates 250 models per family,
with every draw retained. This prior was selected after exploratory feasibility checks. Each model has 25 equally
spaced queries on [—1,1]. We use 257 trapezoidal integration nodes and a 257-point reference grid augmented
by m and the exact pairwise endpoint references. Regression and interventional means are exact sums over the
two latent types.

Canonical mean-width reductions are 21.27% and 16.27%; random-population reductions are 21.04% and 16.34%,
with full coverage for ours and Kim (Fig. 6). Per-system reductions span 20.27-21.88% and 13.54-18.81%; there
is no acceptance threshold based on the improvement. All random V-shaped queries and 93.824% of smooth-
family queries improve strictly. Each model is checked for density normalization, overlap, attained outcome range,
structural constants, coverage, and containment within Kim. Removing all additional references reproduces Kim
at every query of all 502 canonical and random systems. Canonical ablations add the minimum alone, then
nested grids of 3,9, 33,129,257, 513,1025 references augmented by the minimum, verifying interval nesting. A
separate assignment-strength sweep retains p € {0.05,0.1,0.15,0.2,0.3,0.5,0.7,0.9}, including weaker separation
at stronger confounding.

For each family, refinement checks use the canonical system and the first and last random draws. We refine
integration and reference grids jointly and separately through 257,513,1025 points. Relative to the finest joint
grid, the largest endpoint change is 1.674 x 1072 of the outcome range, below the declared 10~# tolerance. Run
lpi_continuous_separation.py --emit-paper-assets --assert to export parameters, intervals, summaries,
reference ablations, assignment sweeps, refinement records, and the figure. The consolidated exporter then adds
oracle CMSM and Khan to these same saved models.

C.3 Controlled IST

The International Stroke Trial (Carolei et al., 1997), whose anonymised patient-level database is publicly released
on Edinburgh DataShare under the repository’s end-user licence (Sandercock et al., 2011), is used to construct
a model with a known target, not to estimate clinical effects. Blood pressure is not randomized in IST, so its
raw regression is not a causal dose-response. We take systolic blood pressure at randomization (RSBP) as the
treatment, death within six months (FDEAD) as the binary outcome, the age tertile z (roughly 6,400 patients
each) as the covariate, and consciousness at randomization v € {F,D,U} (fully alert 14,921 / drowsy 4,254 /
unconscious 260) as the hidden confounder. Consciousness strongly affects the outcome: the six-month death
rates across its three levels are 0.150, 0.461, and 0.776. Within each tertile, the empirical category frequencies
define P(U = u | z). There are 25 equally spaced treatment values across the central 70% of that tertile’s
observed systolic blood-pressure range, standardized to ¢; € [—1,1]. For each consciousness category, Nadaraya—
Watson regression of the binary outcomes supplies probabilities r,(¢;,u). All categories within a tertile use one
bandwidth, twice the full-tertile Silverman bandwidth in mmHg. These fitted probabilities define the new model;
they are not assumed to identify clinical causal effects.

With v(F) = —1 and v(D) = v(U) = 1, set

1+ nu(u)t,

PX=t;|U=u,z)= 95 ,

n =0.3.

The symmetric grid makes this a normalized positive assignment law. An independent uniform variable trans-
formed by the conditional inverse CDF defines X. A second, independent E ~ Uniform(0,1) defines the binary
potential outcome Y;, = 1{E < r.(t;,U)}, with target 7.(t;) = >, P(u | 2)r.(tj,u). The full treatment-on-
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Figure 7: Controlled IST-derived binary SCM, with identical oracle STR/STS constants for both methods. Top:
bounds, constructed interventional targets, and observational means in each age group. Bottom: the reduction
in mean width as global references are added to the per-pair endpoints.

treated matrix is known by Bayes’ rule:

P(u| 2)P(t; | u, 2) _
L (tis L) Zrz t5,u) S P(o | )P [ 0.7)" [z (ty) = g (t;,t;).

Every target, regression, and integration weight is an exact finite sum conditional on the fitted model. No
simulated outcomes or estimated effect targets enter the evaluation.

For each age group, compute the maximum difference quotient of g, over its first coordinate to obtain the STR
coefficient b,, and over its second coordinate to obtain the STS coefficient a,. Both inequalities are checked over
every matrix entry. These are oracle constants of the constructed mean-response model, not claims of pathwise
smoothness for the binary outcome or of known propensity constants in the original data. Both methods receive
exactly the same a,,b,, observational diagonal, treatment weights, and outcome range [0, 1]. Our full reference
set includes every supported treatment; Kim uses the two endpoint references at each pair (¢;,t;). Constants are
passed through a direct-cost interface without inventing overlap or density parameters.

Table 4 gives mean-width reductions of 0.47%, 1.32%, and 1.76%. Both methods cover all 75 constructed
means, and our intervals are contained in Kim’s at every query. The constants and headline configuration were
informed by a feasibility check, not preregistered. A nested reference ablation adds 0, 3,7, 13,25 global points to
the per-pair endpoints, reproducing Kim exactly at zero and tightening monotonically thereafter (Fig. 7). An
independent sparse linear program over the 252 ETT values, constrained only by the observed diagonal, STR,
STS, and range, agrees with our full-reference endpoints to within 10~® at the first, middle, and last query of
every age group.

We retain every setting in sensitivity sweeps over n € {0,0.1,0.3,0.5,0.7}; independent multipliers {1,1.25,2,4}
of the oracle STR and STS constants; bandwidth multipliers {1, 2,3} of the full-tertile Silverman bandwidth;
and grid sizes {13,25,49}. The bandwidth and grid sweeps rebuild the model and its oracle constants. Both
methods retain full coverage in all settings, including settings where the width improvement vanishes. At



Table 5: Designed smooth continuous SCMs. Widths are normalized by each system’s outcome range. Random
rows retain all 125 draws per family; reduction compares pooled mean widths. Canonical settings and neighbor-
hoods were chosen after exploratory checks.

Setting Family Ours Kim Ours cov. Kim cov. Reduction (%)
Canonical Polynomial 0.3480 0.3639 1.00 1.00 4.37
Canonical Logistic 0.3243 0.3282 1.00 1.00 1.18
Canonical Phase 0.2136  0.2279 1.00 1.00 6.29
Canonical Curved linear 0.1316 0.1362 1.00 1.00 3.36
Random Polynomial 0.3471 0.3616 1.00 1.00 4.01
Random Logistic 0.3235 0.3271 1.00 1.00 1.08
Random Phase 0.2172  0.2310 1.00 1.00 5.97
Random Curved linear 0.1244 0.1276 1.00 1.00 2.51

n = 0, assignment is independent of the confounder, the STS coeflicient is zero, and both bounds recover
the model target exactly; relative width reductions are left undefined when Kim’s width is zero. The script
lpi_ist_controlled variants.py exports all settings, per-query intervals, fitted risks, latent proportions, cal-
ibration constants, and LP comparisons, with a checksum of the input data for reproducibility.

C.4 Additional continuous SCMs

We reuse four smooth, non-V-shaped response families with a bounded-propensity assignment mechanism to
demonstrate separation from Kim beyond the V-shaped examples. These canonical settings and their random
neighborhoods were chosen after exploratory checks; they are designed demonstrations, not a representative prior
or a claim of universal gains. Let U have 201 equally spaced atoms on [—2, 2], with probabilities proportional to
exp(—u?/2). On [—1,1], set

p(e | u) = L HEDT,
Polynomial: Y, = bx? + cU?, (b,c,p) = (1,1,0.25),
Logistic: Y, = (1 + e_(bm_CU)>_1 , (b,c,p) = (4,1,0.25),
Phase: Y, = sin®(wz) + cos?(wU) — 1, (w,p) = (1.3,0.15),
Curved linear: Y, = bz + gz + ¢U, (b,q,c,p) =(0.1,1,4,0.10).

Here v(u) = u?/2 —1 for polynomial and phase, and v(u) = u/2 for logistic and curved linear. The curved-linear
response includes a quadratic term and is not a strictly linear model. Applying the conditional inverse CDF to
an independent uniform variable defines X. Every conditional density is normalized and positive. Both methods
receive the same exact structural constants Lx = p/2, pmin = (1 — p)/2, and Ly = 2b, b/4, w, or |b| + 2q for
polynomial, logistic, phase, or curved linear, respectively, together with the exact outcome range over z € [—1, 1]
and the finite latent support. Thus the STS coefficient is C = Lx diam(Y)/pmin- Regressions and interventional
means are exact latent sums. Both bounds use the same 257-point trapezoidal integration grid and 25 equally
spaced queries; ours additionally uses all 257 reference points, augmented by the per-pair endpoints.

With seed 0, processing polynomial, phase, logistic, then curved linear, we draw 125 systems per family. Each
response coefficient is multiplied independently by Uniform(0.9,1.1): (b,c) for polynomial and logistic, w for
phase, and (b, g, c) for curved linear. Independently, p is drawn from [0.20,0.30] for polynomial and logistic,
[0.10,0.20] for phase, or [0.05,0.15] for curved linear. All 500 draws are retained, without filtering by coverage,
confounding, or separation. Table 5 reports mean interval widths divided by each system’s outcome range,
with reductions computed from pooled mean widths. In the displayed order (polynomial, logistic, phase, curved
linear), the canonical reductions are 4.37%, 1.18%, 6.29%, and 3.36%; the random-family reductions are 4.01%,
1.08%, 5.97%, and 2.51%. Both methods cover every query. Figure 8 shows the bounds for the four fixed
canonical examples.

Checks verify conditional-density normalization, structural and ETT smoothness costs, coverage, interval or-
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Figure 8: Designed smooth continuous SCMs with identical structural constants and outcome ranges for both
methods. Each panel shows our full-reference bounds (dark red), Kim’s bounds (purple dashed), the true mean
(orange), and the observational regression (blue). Top: polynomial and logistic; bottom: phase and curved
linear. These are fixed canonical examples chosen after exploratory checks; Table 5 also reports all random
draws in the stated neighborhoods.

dering, and containment within Kim. Endpoint-only references reproduce Kim; adding nested reference grids
tightens monotonically. For each canonical example and the first and last random draw in each family, integration
and reference grids are refined jointly and separately through 257, 513, and 1025 points, with endpoint changes re-
quired to stay below 10~% of the outcome range. Run 1pi_additional_continuous.py --emit-paper-assets
to reproduce the parameters, intervals, aggregate results, reference ablations, refinement records, table, and
figure; —-plot-only redraws the saved results without rerunning the experiment.

C.5 Controlled reference-set ablation

To isolate the role of additional reference points, we evaluate the counterexample of Prop. 9 with the observational
law and both costs held fixed: X is uniform on {0,1,2}, u = (0,—1,0), and a = b = 1. The supplied outcome
range is [—2, 2], shared by both methods; clipping to this range leaves the two-point envelopes unchanged. This
experiment concerns the STR+STS class directly, rather than the structural-overlap constants of the synthetic
SCMs above. We use the attaining SCM from App. B, with U uniform, X = U, and Y, = g(z,U), whose ETT
rows are (0,0,1), (0,—1,0), and (1,0,0). Its true interventional means are (1/3,—1/3,1/3), and its STR and
STS constants are both exactly one.

At each pair (z,2'), our reference set is {x,2’'} U R, with R increasing through @, {0}, {0,1}, and {0,1,2}.
With R = @, our implementation reproduces Kim exactly. At x = 2, adding s = 0 does not help; adding the
interior reference s = 1 lowers the upper endpoint from 2/3 to 1/3 while leaving the lower endpoint at —1. Width



Table 6: Controlled reference ablation: fixed observational law, a = b = 1, and known outcome range [—2, 2].
Endpoints are {z,z'} per stratum. Bounds and widths are at = 2 in outcome units; coverage is over all three

queries. Adding s = 1 reduces width by 20% without losing coverage.
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Figure 9: Controlled reference ablation with identical data and constants. Left: Kim’s intervals and our full-
reference intervals at all three queries, with the true means marked. Right: the interval at = 2 as the extra
global reference set R grows. The interior reference s = 1 lowers the upper endpoint to the attained sharp value
1/3; adding the remaining endpoint does not tighten it further.

therefore falls from 5/3 to 4/3, a 20% reduction, and all three true means remain covered at every stage (Table 6,
Fig. 9). The final intervals agree with an independent linear program over all nine ETT values subject to the
observed diagonal, STR, STS, and the outcome range. This is a controlled demonstration of strict improvement,
not a claim of strict improvement on every system. A narrower supplied outcome range adds information and
can remove the gap.



