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ABSTRACT

Deep generative models reproduce the observational distribution underlying the
training data, which, in turn, inherit any spurious associations it contains. A
common source is an unobserved confounder that simultaneously affects both a
treatment attribute the user wants to control/edit (e.g., age, sex) and an observed
outcome (e.g., an image) expected to vary in response. Existing causal inference
methods resolve the resulting ambiguity by imposing structural assumptions strong
enough to single out one interventional distribution. However, in practical domains
like image generation, such assumptions are rarely warranted, and the interven-
tional distribution is generally non-identifiable: distinct causal models can agree
on the observed data yet imply different causal predictions. This paper proposes
CAUVADE (Causal Variational Deep Embedding), a novel family of causal gener-
ative models in which the unobserved confounder collapses into a discrete latent
cluster with bounded support without loss of generality. We prove that this family
can approximate both observational and interventional image distributions with
arbitrary accuracy in a canonical latent causal diagram. Building on this model
representation, we introduce a novel causal bootstrap that varies the strength of
confounder entropy to generate a diverse family of causal explanations, each defin-
ing a distinct interventional image distribution. Such a procedure produces distinct
interventional images while maintaining a good fit to the observed data.

1 INTRODUCTION

Deep generative models, including variational autoencoders (VAEs), generative adversarial networks
(GAN:Ss), and diffusion models, synthesize images by learning the observational distribution of a
training corpus (Kingma & Welling| 2014} |Goodfellow et al., 2014} Ho et al.,|2020). Such models
generalize well when the training corpus faithfully represents the target environment, but they can
also reproduce and amplify its biases. Confounding bias is one such failure: when an unobserved
confounder simultaneously affects both an attribute X (e.g., age, smile) and image I, the learned
conditional P(I | X=x) can differ from the interventional distribution P(I | do(X = x)) obtained
by externally setting X to x. Generating potential images under such interventions from confounded
observational data is the task we call deconfounded image generation.

Causal inference provides a framework for identifying interventional distributions from confounded
observational data under explicit assumptions. Causal image models such as Causal GAN, Causal-
VAE, and DeepSCM encode relationships among semantic factors using structural causal models
(SCMs) (Kocaoglu et al., [2018; |Yang et al., 2021} [Pawlowski et al., 2020); Causal VAE, for instance,
assumes causal sufficiency, a linear SCM with independent Gaussian noises, and semantic labels.
Such assumptions are difficult to satisfy or even specify in image domains, where the relevant factors
may be unobserved and their causal relationships uncertain. Absent sufficient identifying assumptions
or data, the interventional distribution is generally non-identifiable: multiple SCMs can produce the
same observations yet predict different interventional responses (Pearl, 2000).

The problem of inferring non-identifiable causal effects has been studied within the framework of
partial identification, which characterizes the range of causal predictions compatible with observa-
tions and maintained assumptions. Early work established nonparametric treatment-effect bounds
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Figure 1: Samples from @) confounded and (b)) unconfounded Color-MNIST; and generated by
conditional (c}) VAE, (]E_l]) DDPM, @ GAN, and (f) ANCM.

and sharp bounds under instrumental variables (Manski, [1990; Balke & Pearl, [1997). For finite

observed domains, discretizing exogenous variables into finitely many response types yields canonical
SCMs that preserve causal distributions and reduce sharp-bound computation to polynomial opti-
mization (Zhang et al.,2022)); neural approaches instead optimize causal queries under observational
constraints (Xia et al.} 2021} 2023)). These discrete-domain methods do not directly provide a practical
solution for images: enumerating response types over image-valued variables is prohibitive, and
bounding a causal statistic does not itself produce diverse image generators.

More recently, the Augmented Neural Causal Model (ANCM) (Pan & Bareinboim, [2024) models
images with hidden confounding while acknowledging non-identifiability, requiring fully labeled dis-
crete semantic factors and a supplied causal diagram. Fitting an ANCM selects one causal explanation
consistent with its constraints rather than enumerating the compatible ones, and repeated optimization
from different random initializations yields very similar interventional predictions (Fig. 2). Random
restarts thus do not adequately explore causal ambiguity to learn diverse interventional image distri-
butions compatible with the observed data, particularly when some image attributes are unlabeled and
their causal relationships are not fully specified. The following example illustrates these challenges.

Example 1 (Confounded Color-MNIST). Consider images with binary P(YX)
digit X € {0,1} and background color Y € {0,1}, encoding green
and blue, respectively. An unobserved binary variable U influences
both the digit and the color, creating a confounded training distribution
(Fig. 1a). The interventional reference breaks the dependence of X on GAN : i
U while preserving the color mechanism (Fig. 1b)); it need not make DDPM
digit and color independent. We train conditional VAE, DDPM, GAN,
and ANCM baselines on the confounded data. Their samples appear
in[Figs. Ic|to[Tf} and [Fig. 2] compares their implied color probabilities v=0
with the reference P(Y'=1 | do(X=1)). The conventional generators
retain observational bias. ANCM is closer to the reference, but its y:lo-
estimates across random starts concentrate near one point inside the y=100_ |
Manski bounds [1990). These bounds admit a wider range of T 050607 oain
causal predictions compatible with observations: fitting the observed .. . .
data alone does not determine which causal prediction is correct | Figure - 2: Estimated
’ P(Y=1 | do(X=1)).
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This paper addresses these challenges with a causal bootstrap that gen- Dashed lines:  Manski
erates diverse candidate interventional image distributions under un- bounds from observa-
observed confounding. We propose a canonical causal diagram for tions (Manski, 1990).

deconfounded image generation, comprising a treatment attribute, latent pre-treatment covariates,
and post-treatment image attributes; only the treatment attribute requires full labels, while the re-
maining attributes may be partially labeled or unlabeled. Our contributions are twofold. (1) Causal
Variational Deep Embedding (CAUVADE). We introduce a causal generative framework whose
canonical representation collapses exogenous confounding into a finite-support discrete variable, with
independent exogenous noises carrying continuous variation; under standard regularity conditions,
this model class approximates the observational and interventional image distributions of compatible
augmented SCMs. (2) Causal bootstrap. We then gradually vary a cluster-posterior entropy weight
to produce diverse candidates, and prove that under local conditions varying the confounder entropy
yields distinct interventional image distributions while preserving observational admissibility within
a fixed tolerance, though without guaranteeing exhaustive coverage or sharp bounds. We evaluate
on Color-MNIST, CelebA, and MIMIC-CXR-JPG (Liu et al, 2013}, [Johnson et al.|[2024): the first
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two show diverse predictions within the evaluated Manski bounds, and the last shows improved FID
against an unconfounded reference. Proofs and implementation details appear in Appendices[AHE]

1.1 PRELIMINARIES

We use capital letters to denote variables (X), small letters for their values (z), and Qx for their
domains. For a set X, | X | denotes its cardinality. The probability distribution over variables X is
denoted by P(X), and we write P(x) as shorthand for P(X = ). The basic semantical framework
of our analysis rests on structural causal models (SCMs) (Pearl, 2000; [Bareinboim et al., [2022).
A SCM is a triple M = (V, U, F) describing how a set of observed variables V. = {X,Y, Z} is
generated. Throughout, X denotes a treatment, Y an outcome, and Z a covariate. The set U collects
unobserved exogenous variables, drawn from an exogenous distribution P(U). The structural
equations F = {fx, fy, fz} specify how each observed variable is generated: Z + fz(U),
X + fx(Z,U),and Y « fy(X,Z,U). Sampling U ~ P(U) and applying these equations
induces the observational distribution P(X,Y,Z) = P(X,Y, Z; M).

Each SCM M is also associated with a causal diagram G (e.g., [Fig. 3)), where nodes represent endoge-
nous V, and arrows represent the arguments PAy,, Uy of each structural function fy. Exogenous
variables U are not explicitly shown; a bi-directed arrow V; <+ V; indicates an unobserved con-
founder (UC), U; ; € U, affecting V; and V;. An intervention do(X=x) models externally setting
X to a constant z, overriding whatever value fx would have produced. Formally, do(X =x) replaces
fx in M with the constant assignment X « z, yielding a submodel M. Sampling U ~ P(U) in
M., induces the interventional distribution P(Y | do(z)) £ P(Y,; M), where Y, (u) £ Yy, (u) is
the potential outcome of Y when X is set to x. For convenience, we also use the subscript notation
P, (Y) = P(Y | do(z)) interchangeably for interventional distributions.

2 CANONICAL CAUSAL MODELS FOR IMAGE GENERATION

The augmented structural causal model (ASCM) of [Pan & Bareinboim)| (2024)) provides a framework
for causal image generation with a pre-specified causal diagram and fully labeled, discrete semantic
factors. In practical domains, detailed causal relationships may be unavailable, labels incomplete,
and attributes continuous. We address these challenges in two steps: a canonical diagram obtained
by grouping semantic variables relative to the treatment, followed by a canonical representation that
places discrete structure on exogenous confounding. .

Rather than specify every causal relationship among
individual image attributes, we organize the semantic
variables of an acyclic ASCM around the attribute
X to be manipulated, grouping its descendants into
a post-treatment block Y and all other semantic
variables into a pre-treatment block Z. Here, pre-
treatment means unaffected by interventions on X, (a) M (b) M,

so Z may include both causes of X and other non-

descendants. Both blocks may be multivariate and Figure 3: (a) Canonical diagram with treat-
latent. For example, when X is a digit, Z can encode ment X, pre-treatment covariates Z, post-
the writer’s identity and Y a background color gen- treatment attributes Y, and image I. (b) Sub-
erated in response to the digit. For any acyclic causal model induced by an intervention do(X =x).
semantic model with treatment X, composing causal

mechanisms within each block yields Z < fz(U), X < fx(Z,U),andY « fy (X, Z,U), where
U collects the original exogenous variables. This reduction gives the canonical diagram in[Fig. 3a]
while preserving the observational image distribution and interventions on X (App. D.T).

Following the ASCM framework of [Pan & Bareinboim| (2024)), we augment the grouped causal
semantic model with an image variable I and mechanism I « f;(X,Y, Z, £;), where the rendering
noise &7 is independent of U and captures visual features not encoded in the causal semantics. The
covariates Z are endogenous causal attributes, distinct from the exogenous variables U that can
confound the blocks. Only X requires full labels; the components of Y and Z may be partially
labeled or unlabeled. For the representation result below, we assume:

¢ (A1) Compact observed domain. The image domain €2 and treatment domain {2 x are compact.
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* (A2) Continuous counterfactual outcomes. For every exogenous realization u, the map = —
Y. (u) = fy(x, fz(u),u) is continuous on Qx.
* (A3) Continuous mixing function. f; is continuous in its endogenous inputs (X, Y, Z).

(A1) models finite-resolution images with bounded pixel values and treatments in closed, bounded
ranges; (A2) requires outcomes to vary continuously with treatment for each fixed exogenous
realization; (A3) ensures that small changes in semantic inputs produce small changes in images for
each fixed rendering-noise realization. Stronger continuity matters for partial identification, as causal
bounds on continuous domains can be vacuous without Lipschitz regularization (Tan et al., 2024).

Sampling the exogenous variables and propagating through this model gives the observational image
distribution P(I) £ P(I; M). Applying do(X =) replaces the treatment mechanism by X < x,
giving the submodel in and the interventional image distribution P, (I) £ P(I,; M) =
P( fr(x, Yo, Zy, 51)), where Z, = Z. Under confounding, this distribution can differ from the
observational P(I) and conditional P(I | X=x). Thus, even with a common diagram, fitting the
observed pairs (X, I') need not determine the intervention response. Our target is the set of candidate
ASCMs compatible with P(X, I') and the canonical diagram, each inducing a possibly distinct P,,(I).

2.1 CANONICAL REPRESENTATION WITH DISCRETE CONFOUNDING

The second challenge is to represent this model class when causal attributes are incompletely labeled
and need not have finite discrete domains. We leave unlabeled Y and Z latent, without claiming to
identify their values from images alone. Their domains and causal mechanisms can remain continuous.
The unknown exogenous structure still makes the compatible class infinite-dimensional: U can have
unknown dimension, support, and joint distribution. We therefore introduce a representation with a
finite-support shared confounder and independent noises carrying continuous variation.

Definition 2.1 (Canonical ASCM). A canonical ASCM (CASCM) is an ASCM satisfying (A1)-(A3)
in which: (i) the unobserved confounder is a single discrete variable U € {1,...,d} drawn from
P(U); (ii) the semantic variables are generated by continuous structural functions Z + fz (U, Ez),
X+ [x(Z,U,Ex),Y « fy(X,Z,U,Ey) with noises £z, Ex, Ey, £, U mutually independent;
(iii) images are generated by the mixing function I < f;(X,Y, Z, £;) satisfying (A3).

The canonical diagram groups causal mechanisms; the canonical representation additionally replaces
their exogenous domain by a discrete variable U. The following theorem justifies the latter step by
approximation for continuous counterfactual outcomes and mixing functions.

Theorem 2.2 (Augmented Causal Approximation). Fix the causal diagram in and assume
(Al)—(A3), with the domain and measurability conventions above. Let M be a compatible ASCM
with exogenous variables U taking values in a Borel subset of R™ for some finite m. All structural

assignments, including interventions in Q) x, are assumed well-defined in these domains. For every
€ > 0, there exists a CASCM N such that:

Wi(P(LX M), PULXA) < e [ W(R(M), PN do < (1)
Qx

where W7 is the 1-Wasserstein distance and dx denotes Lebesgue measure for continuous treatments
or counting measure for categorical treatments. That is, the class of CASCMs is dense in this regular
class of ASCMs compatible with the canonical diagram[Fig. 3dlunder joint W1 approximation of the
observational and interventional distributions (Eq. (D).

The finite-domain causal representation result of Zhang et al.| (2022)) motivates this construction, but
does not itself establish the image-domain guarantee with latent causal models. Our proof
quantizes the joint distribution of natural treatment assignments, covariates, and entire response
functions, preserving their dependence, and couples the rendering noise between models. Continuity
of the responses and mixing function, together with compact image and treatment domains, yields
observational and integrated interventional convergence.

3 CAUSAL VARIATIONAL DEEP EMBEDDING

Under its continuity and exogenous-domain assumptions,[Thm. 2.2 motivates CASCMs as a represen-
tation of observational and interventional distributions, but this representation alone does not provide
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a tractable procedure for learning and inference. We therefore introduce Causal Variational Deep
Embedding (CAUVADE), a tractable parametric instantiation based on Variational Deep Embedding
(VaDE) (Jiang et al.,[2017) that incorporates the canonical causal relationships in[Fig. 3a] We then
develop a causal bootstrap to explore diverse causal explanations compatible with the observed data
and their associated interventional predictions.

VaDE models the latent space of a variational autoen-
coder as a Gaussian mixture indexed by a discrete
cluster C € {1,...,K}. In CAUVADE, we iden-
tify C' with the canonical confounder U in
using its finite mixture structure to parameterize
the confounder’s influence on the generative mecha-
nisms. The continuous latent collects the remaining

exogenous structure of into a single bun-
dle, Z = (Z, &4, Ex, Ey, &1), where Z is the (a) Decoder (b) Encoder

pre-treatment attribute and £z, Ex, £y, Er are the in- ) )
dependent noises driving the four CASCM mecha- Figure 4: CAUVADEZ (@) degoder of [Eg. (2?
where the discrete C' instantiates the canoni-

nisms; structural functions fz, fx, fy, fr are then
realized by neural decoders. CAUVADE specifies the cal confounder of (b) encoder net-
work ¢o(Z,C | I) = q4(Z | I) q4(C | Z).

generative process described as follows:

C ~ P(C), Z|C ~ N(e,oT), X |Z,C~py(X|Z,0),
Y |X,Z,C ~po(Y | X,Z,C), I|X,Y,Z,C~pe(I|X,Y,Z,0),

@

where P(C) is a learned categorical prior, (., 02) are cluster-specific Gaussian parameters, and the
conditionals over X, Y, and I are amortized by neural decoders 6. [Fig. 4(a) shows the corresponding
graph: C and Z jointly play the role of the unobserved exogenous structure of the CASCM, X and
Y are the user-controlled and post-treatment semantic attributes, and [ is the rendered image. In
CAUVADE, Z and the noise variables have no separate latent representation; they are folded into Z
and, along with Y, recovered as unlabeled semantic factors by the decoder.

Under intervention, the CAUVADE submodel induced by do(X =x) proceeds by drawing unobserved
exogenous variable (C,Z) from their joint prior p(C) pg(Z | C), fixing X = z, and propagating
through the decoders for Y and . This yields the parametric interventional image distribution:

K
P = Yo 0(0) [tz ) [ ooty |02 0)poll | 2.9.2.) dy da 3)

With the generative and interventional distributions specified, we turn to fitting CAUVADE from a
confounded dataset D = {(x;, I;)}; in which only X is labeled. Following VaDE, we approximate
the interventional posterior pg(Z, C' | I, do(X = x)) by a factorized variational family g, (z,c | I) =
a4(z | I) qo(c | z) (Fig. 4(b)). The encoder uses only I as an architectural choice; interventional
generation uses the latent prior independently of this choice. A variational lower bound on log P? (1),
evaluated at the observed = X (App. B), yields the classic ELBO objective:

LrLeo(8,¢) = Eq,[logpe(I | X,Z,C)] — Dki(qs(Z,C | I)||pe(Z | C) P(C)). (%)

Lyec LKL

To incorporate labeled latent components, we anchor treatment X in the latent representation with
a discriminative head, yielding the treatment-consistency term Lx(p,7) = Eq, [f log py (X |
Z, C’)} , where p,; is an auxiliary classifier on top of the encoder. The term encourages (C,Z) to
predict X, but does not by itself force the image decoder to use X, or identify the generative treatment
mechanism pg(X | Z, C') with the auxiliary head p,,. Combining reconstruction, latent regularization,
and treatment supervision with fixed weights «, 3, A > 0 gives the ELBO surrogate

D(9,¢7¢) = _acrec + BKKL + )\EX7 (5)

where the reconstruction and treatment terms measure fitness with the observed images and labeled
components, while the KL term regularizes the marginalized latent representation. Optimizing[Eq. (5)|

"Labeled subsets of Y or components of Z, when available, are readily incorporated by adding analogous
discriminative heads with no change to the rest of the objective.
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adapts ANCM'’s reconstruction and semantic supervision (Pan & Bareinboiml 2024) to partially
labeled data. In our Color-MNIST experiments (Fig. 2)), repeated ANCM training from different
random starts yields similar interventional predictions. This empirical concentration motivates a more
directed exploration of candidate models; it does not identify the underlying optimization mechanism,
which calls for an alternative training and inference approach.

3.1 A CAUSAL BOOTSTRAP FOR DIVERSE INTERVENTIONAL IMAGE GENERATION

Our goal is to obtain a set of diverse predictions on interventional distributions among causal models
compatible with the observed data. To achieve this goal, we introduce a training and inference
procedure that varies the fitted model by regularizing its cluster-posterior entropy.

To make this argument more concrete, we introduce a cluster-entropy regularizer that controls
uncertainty in the inferred canonical confounder. Formally, define the marginal posterior distribution
over the cluster confounder by gy(c | I) = [gg(c | z)gs(z | I)dz and its mean entropy by
H(¢) = —Ep( Zﬁil gs(c | I)logge(c | I) € [0,log K], which measures uncertainty in the
inferred cluster assignment for each image. Let n = (6, ¢,1) collect the model and inference
parameters. Adding this regularizer to the surrogate objective in[Eq. (5)| gives an augmented ELBO
regularized by the entropy of the categorical confounder, defined as follows:

5(7777) = _O‘Erec + ﬁEKL + >\£X - ’YH = D(n) - WH(¢)7 n= (95 d)?z/))v (6)

with coefficient v > 0; the negative signs reward reconstruction log-likelihood and posterior entropy.
At~ = 0, this reduces to the baseline objective D. To generate interventional image distributions, we
fix hyperparameters (v, 5, A) and fit the model as the entropy weight v varies gradually. This yields
a sequence of fitted parameters (6, ¢); each pair defines an interventional image distribution P ().

Our analysis provides intuition for how this training procedure could generate a diverse family of
interventional images while being consistent with the observational data. Specifically, we consider
three separate questions: how much varying the entropy weight increases the ELBO surrogate,
whether it changes interventional predictions, and when the resulting models remain observationally
admissible. We start at an unregularized baseline 79 and impose two local assumptions. (A4) specifies
the local smoothness and baseline curvature needed to follow fitted parameters as - varies.

* (A4) Stable baseline. D, H are twice differentiable near 1o, with V,,D(n9) = 0, V%D(no) = 0.
To describe the branch’s initial direction and entropy response, set
A =V.D(n), b=V,H(n), v=A"'h, ko=b'A"1b. (7

Here v is the initial parameter direction induced by entropy regularization: the local curvature A
converts the entropy gradient b into a displacement of the fitted optimum. The quantity ko measures
the corresponding entropy response. (A4) supplies a stable local branch, but does not require b # 0;
if b = 0, its initial direction vanishes. Even when parameters move, the generated distribution need
not change. Write P,.(n) = P(I) and let || - | kg denote the Kantorovich-Rubinstein norm on the
bounded image domain, with |P — Q|jxr = W1(P, Q). (AS) requires a smooth, nondegenerate
response of the interventional image distribution along the induced parameter direction.

* (AS) Nondegenerate interventional response. The map P is differentiable at 7 in the KR norm,
with P, = dP,(no)[A71b] # 0 and p, = || P||xr > 0.

[Fig. 3|(a) illustrates the local geometry required by P27 (1)

(A4): the gradients and Hessians of both D and ¢ Pr #0
H exist and vary continuously near 7. The center T

of the loss contours marks the stationary baseline, v=A""b 1y
VD(ny) = 0; their positive curvature represents |

A > 0. Together, these conditions ensure that a S Tno”
small change in v admits a nearby local optimum L

of D — vH, illustrated by the colored points. Each ﬁ’f OG q

point locally minimizes its own regularized objec- !

tive. Panel (b) illustrates the requirement in (AS5): (a) A4: smooth (b) A5: nonzero
along the induced parameter direction, the interven- local geometry. distributional response.
tional distribution is differentiable and has a nonzero --7 =0 (baseline) - y1 —2>m

Figure 5: (A4)—(AS): a stationary baseline
6  with positive curvature gives a smooth local
branch (left), along which the interventional
distribution has a nonzero derivative (right).
Colors match narameters to distributions.
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derivative. The matching density curves depict prob-
ability shifting toward larger values as ~y increases.

We first quantify the cost of the observation sur-
rogate along the local branch of the fitted model
parameters as the v weight varies.

Lemma 3.1. Under (A4), there exist ¥ > 0 and a unique nearby C' branch 1y of strict local
minimizers of D — vH through 1, for 0 <y < 7. Along this branch, ., = ng + v + o(y), and

D(ny) — D(no) = 2k07° + o(¥°), H(¢,) — H(¢o) = Koy + o(7). (®)

Lem. 3.1| shows that, when the entropy gradient is nonzero, a small step in ~y buys a first-order
increase in entropy at only a second-order increase in the surrogate cost. The local relation between
surrogate cost and achieved entropy characterizes the cost of moving through parameter space. This
movement provides a potential route to exploring different interventional image distributions, with
(AS) specifying a local condition under which such variation occurs.

Theorem 3.2. Under (A4)~(AS5), there exists p, > 0 such that W1 (PY", P%) = ~yp, + o(~). Thus
the interventional image distribution changes at first order while D changes at second order i.e.,
0
Wi(Py, P% D -D
740 v WO Wy (P, PY)

'Thm. 3.2|establishes that varying the entropy weight v can produce distinct interventional image distri-
butions at a comparatively small observational surrogate cost: near the baseline, the observational cost
increase divided by the interventional movement tends to zero. Both changes vanish as ~y decreases,
but the surrogate cost vanishes at a faster rate. The remaining question is observational admissibility.
A small increase in the surrogate D does not ensure that a model is compatible with the observational
data, because D is a training surrogate rather than a discrepancy between the full observational
distributions. Let A;(6), j = 1,...,J, be a fixed finite collection of discrepancy measurements
between PY(X, I) and the real data distribution P(X, I), with observational constraints A; () < &;.
Acceptance refers to these finite checks, not equality of the full observational distributions. The
following result establishes that there exists a sequence of entropy-weighted movements satisfying
the finite observational checks while yielding distinct interventional image predictions.

Corollary 3.3 (Observationally admissible movement). Under the conditions of[Thm. 3.2| suppose
each A; is continuous at 0y and the baseline satisfies A;(6y) < €;. Then there exists 0 > 0 such

that every 0 < v < 0 satisfies all observational constraints, and every 0 < v < § yields wa #+ Pg".

Cor. 3.3| shows that interventional image predictions can change while the same observational
constraints remain satisfied. These analyses motivate training candidates across a sequence of entropy
weights ' = {71,...,va} and retaining those that satisfy common held-out constraints. [App. C
provides details of the training procedure. For each v € I', we minimize [Eq. (6)| with gradient
descent, reparameterizing Z and analytically summing over C. To estimate H, average the cluster
posterior over reparameterized draws of Z before taking its entropy. After unregularized-ELBO
pretraining initializes (P(C'), pi¢, 02), jointly optimize the encoder, decoders, and classifier. Each
model generates interventional samples according to[Eq. (3)] Observational admissibility uses a joint
image-treatment held-out measurement, such as maximum mean discrepancy (MMD).

4 EXPERIMENTS

We evaluate CAUVADE on confounded variants of Color-MNIST, CelebA (Liu et al., 2015}, and
MIMIC-CXR-JPG (Johnson et al.,|2024; 2019; \Goldberger et al.,|2000). Each construction introduces
an unobserved confounder U affecting both the treatment X and outcome Y. We train models on
confounded images; unconfounded data serve as a ground truth for evaluation. We compare CAU-
VADE with a vanilla VAE and ANCM (Pan & Bareinboim| 2024)); also reports conditional
GAN (CGAN) and diffusion baselines on Color-MNIST and CelebA.

The experiments assess two questions: whether varying the entropy weight v produces diverse
interventional predictions, and whether constructed causal explanations are compatible with observed
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Table 1: Reference observational and interventional probabilities, baseline estimates, and CAUVADE
predictions on Confounded Color-MNIST and CelebA. Varying ~ yields different estimates of

P, (Y = 1) within the reported scalar Manski bounds (Manski, 1990).

PY=1|X)P,(Y=1) VAE CGAN  Diffusion  ANCM Causal Bounds CAUVADE
Lower Upper v =07 =1~ =10~ =100
C-MNIST X=0 0.61 040  0.61£0.010.61+0.010.58 +0.030.58 +£0.01 028 0.82 0.57 0.54 049 0.72
X=1 0.78 0.60 0.81+£0.010.79+0.010.77 +0.030.62 £ 0.02 042 0.88 0.61 0.56 0.54 0.83
CelebA X=0 0.46 033 0.46£0.010.41+0.010.51 +£0.030.49 +£0.02 026 0.73 042 0.57 048 040
X=1 0.31 046  0.30£0.020.36 +0.010.35+0.010.48 £ 0.02 0.14 0.67 044 051 048 039

I AR AN NS SRS I S A AR
ERFAMNEREAEE CANNNNARREY EEMNNNE R AEE CANNNN AR ERANNEEAEE CARSHNTARREY
2 A R
DINNNNnD NOnnnnn Dnnnnn onnonnn ononononn noonoonnn
ERINMR AR RSN E CEE NN FRECRNNNN ] CARREAREEAEE FRENEREREREY
nngynnnnqynnnngynnnngynnnnaynnnnaynn

Figure 6: CAUVADE samples on Confounded Color-MNIST under X = 1 at @) y=1, (]EI) ¥ =2,
v =10, (d) v = 20, (&) v = 50, and () v = 100. The digit—color association varies across
entropy weights, illustrating changes in the fitted interventional predictions.

data. For Color-MNIST and CelebA, we use the (X, Y') labels both to check interventional estimates
of P,(Y = 1) against scalar Manski bounds (Manski and to assess observational fit through
Label RMSE between model-implied joint semantic probabilities P(X,Y") and their empirical
counterparts. These complementary checks assess compatibility at the causal-semantic variable level,
while reconstruction negative log-likelihood (NLL) and mean squared error (MSE) assess image-level
observational fit. We also examine generated samples and report FID against the MIMIC-CXR-JPG
reference. [App. E| provides details of the evaluation metrics and training procedures.

Confounded Color-MNIST. We construct
Color-MNIST with digit labels X € {0,1}, o

@ CauVaDE @® CauVaDE

background colors Y € {green, blue} (en- ¢ i . ® | o
coded as 0, 1), and a binary confounder U S Gn .," o ..-" 8

. = Ground Truth L4 505 Ground Truth
affecting both. to[Th| contrast ob- T * ° g * oee -
servational samples from P(/ | X = 1) = i 3" L ¥ "I
with the interventional reference Px—;([); = . S, @0 o .'
construction details and additional sam- ¢ ® %o ol
ples appear in[App. E| Across five seeds, L L 1 1 |
VAE and ANCM yleld concentrated esti- R o ~ =1 doton 7
mates of P,(Y" = 1) (Table 1). VAE pro- (a) Color-MNIST (b) Confounded CelebA

duces nearly identical estimates for the two

treatment values, whereas ANCM distin-  Fjgure 7: Estimated P, (Y = 1) on Confounded Color-
guishes them. Varying v in CAUVADE  MNIST and CelebA. VAE and ANCM estimates con-
yields a broader range of predictions than  centrate across seeds, whereas CAUVADE predictions
seed variation in either baseline, with all  yary with . The shaded feasible region denotes the

tabulated estimates remaining within the = eyaluated Manski’s causal bounds (Manskil [1990).
Manski bounds. and[7a]show the corresponding changes in predicted color frequercies and

generated images. Across the reconstruction’s entropy weights, per-pixel MSE ranges from 0.0303 to
0.0366, NLL from 0.1153 to 0.1362, and Label RMSE for P(X,Y") from 0.0067 to 0.0519
and [App. E3.1). The small errors in the labeled distribution, together with stable reconstruction
metrics, provide support for observational admissibility as interventional predictions vary.

bl

Confounded CelebA. We resample images from CelebA (202,599 source images), assigning “Young’
to X, “Heavy Makeup” to Y, and “Attractive” to the hidden confounder U. The resampling protocol
is given in[App. E.1.2] [Figs. 8a|to[8b] compare the confounded data and unconfounded reference at
X = 1. VAE and ANCM show limited variation across three seeds, while changing ~y yields a range
of CAUVADE predictions within the evaluated Manski bounds (Fig. 76 and[Table 1)). The tabulated




Preprint

2=
¢ D

=
é

€ *

SHECHABERRAS 2d ABHa 0
el g 90 € d&!@ﬂa 8246 ,
e 0 oah ElEo o B Oe HO 8 _
HQBI@EQIJH B R O 2

@EUMHH@KGJCQJ{ )

=
CFIRERT.O 2208587 o

Lﬁgnnul!l-
Bas o6 Ealibe

QERE¢
Ao 5 a ke K

c) (d)

B $EED § s RIS

HEaBOND Ac ¢ 30.9
efonk deree Baf cBobdn dilbee
-dosn an=oia D 1a0R 9o 0 0L/
OREGe=ls ¢ REPEX BTN - « Hoiok:!
HafgEle AKAZa0 2 FE T ek TRARS

Figure 8: %Confounded CelebA samples P(I | X = 1); (b) unconfounded reference P(I |
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do(X=1)); () VAE; (d) ANCM; () CAUVADE at y = 0; ‘CAUVADE at 7 = 1; (g) CAUVADE
at v = 10; (h) CAUVADE at v = 100. Blue circles mark images with Y =1 (Heavy Makeup).

predictions vary nonmonotonically with + over the evaluated range. For X = 1, the tabulated
estimates span 0.385-0.506, compared with the reference probability of 0.463, which lies within this
range. Thus, increasing «y does not necessarily bring predictions closer to the reference. Samples at
v € {1, 10} visually resemble the unconfounded reference , although this resemblance does
not identify the causal mechanism. Reconstruction MSE and NLL remain stable across the entropy
weights, while Label RMSE for P(X,Y’) ranges from 0.0055 to 0.0387 (Table 5)). Together, these
diagnostics support the observational admissibility as interventional predictions vary.

Confounded MIMIC-CXR-JPG. We construct a re-

sampling experiment from MIMIC-CXR-JPG (John] Taple 2: FID against the unconfounded
son et al] [2024; 2019} [Goldberger et al 2000) MIMIC-CXR-JPG reference. The CAU-

(377,110 source radiographs), using Pneumonia as  VADE entry averages over y € {1,10,100}.
X and subsequent outcomes as Y (e.g., Lung Opac- The lower the better.

ity, unlabeled). The hidden confounder U is the pa-
tient’s age and the radiograph’s anteroposterior view. VAE  ANCM  CAUVADE
shows confounded samples. This compari- FID 35497 407.73 283.57
son tests image generation when treatment assign- —mE WL T T U
ment no longer depends on the age—view grouping.
FID summarizes image-distribution agreement rather
than the accuracy of individual clinical attributes.
For v € {1,10,100}, CAUVADE achieves FIDs ' %

of 276.64, 284.57, and 289.51, respectively. Aver- Figure 9: Confounded MIMIC-CXR-JPG
aged across these entropy weights, its FID is 283.57, samples: X = 0 (top row, no Pneumonia)
compared with 354.97 for VAE and 407.73 for ANCM {Sb1E 75, hddedtRsnst 81y Pugyameniak. 16, re-
spectively. All three settings yield lower FID than both baselines, indicating closer image-distribution
agreement with the unconfounded reference. Alongside these changes, we compare observational fit
with the v = 0 baseline to check whether diverse causal predictions violate admissibility.

5 CONCLUSION

Unobserved confounding means that the same observed images can support different predictions
about the effects of an intervention. Our augmented causal approximation result provides
a foundation for representing both observed and intervention-generated images using a discrete
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confounder. CAUVADE instantiates this canonical augmented causal representation as a Gaussian-
mixture VAE. A causal bootstrap then explores different causal explanations and their resulting
interventional image predictions by varying a training weight. Our analysis explains how the resulting
predictions can change while the fit to the observed data remains nearly unchanged
and [Thm. 3.7). Experiments on Color-MNIST and CelebA show distinct predictions within the
causal bounds derived from labeled semantics. On MIMIC-CXR-JPG, generated images more closely
match the unconfounded ground truth images on average than those from the compared baselines.
Determining the full range of effects consistent with the observed data remains an open question.
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A RELATED WORK

Causal generative models and counterfactual evaluation. Causal generative models incorporate
structural assumptions into image synthesis and editing. CausalGAN combines a generator over
attributes, structured by a supplied causal graph, with conditional image generation (Kocaoglu et al.,
2018)). Causal VAE learns causal relations among semantic factors with label supervision and a linear
causal layer driven by independent Gaussian exogenous variables (Yang et al.l 2021). DeepSCM
and Diff-SCM enable counterfactual image generation through inference of exogenous noise and
diffusion-based mechanisms, respectively (Pawlowski et al.,[2020;|Sanchez & Tsaftaris,[2022). Causal
autoregressive and normalizing flows exploit invertible mechanisms for causal inference (Khemakhem!
et al., 2021} Javaloy et al.| [2023)), while bijective causal models establish counterfactual identifiability
for specific structures that include hidden confounding (Nasr-Esfahany et al.,2023). Complementing
these modeling approaches, Monteiro et al.| (2023) evaluate counterfactual image models through
composition, reversibility, and effectiveness. Together, these works develop mechanisms and criteria
for causal generation under distinct structural and identification assumptions. Our focus is on
sampling a family of candidate interventional image distributions P,.(I) under hidden confounding;
this distributional target does not require identifying individual-level counterfactual images.

Causal representation learning. Causal representation learning seeks to recover high-level causal
variables from observations (Scholkopf et al., [2021)). Auxiliary observations can make latent-variable
models identifiable under suitable conditional-prior and model assumptions (Khemakhem et al.,
2020), whereas unsupervised disentanglement is generally impossible without inductive biases on the
model and data (Locatello et al.l[2019). CAUVADE uses latent representations to model incompletely
labeled semantic attributes and generate candidate intervention responses. Its approximation result
concerns observational and interventional image distributions and does not assert recovery of the true
semantic coordinates.

Augmented neural causal models. Augmented neural causal models (ANCMs) extend neural causal
modeling to images (Pan & Bareinboim, |[2024), building on methods for causal identification and
estimation with neural SCMs (Xia et al., 2021} [2023)). ANCMs explicitly accommodate hidden
confounding and non-identifiability, targeting counterfactual consistency with respect to selected
semantic features. Their training procedure uses a supplied causal graph and labels for the modeled
semantic factors, which have finite discrete domains; additional image factors may remain unobserved.
This detailed semantic graph specifies how an edit to one attribute can affect others, supporting
counterfactual image editing conditioned on a given source image. CAUVADE builds on this
augmented SCM framework, allowing semantic variables with continuous domains and incomplete
labels for non-treatment factors. Our focus is the simpler task of deconfounded interventional
generation: setting X = z breaks its dependence on hidden confounders while preserving their
effects on other variables. We target the population-level distribution P, (I), rather than an individual
counterfactual edit conditioned on a source image. We group semantic variables relative to the
treatment and approximate exogenous confounding with a finite-support latent variable under the
regularity conditions of The causal bootstrap then varies the cluster-posterior entropy
weight to obtain multiple candidate interventional image distributions. Empirically, ANCM behaves
similarly to CAUVADE with v = 0, with both producing interventional estimates that concentrate

tightly across random seeds (see the ablation study in[App. E.5.1).

Causal inference under hidden confounding. Sensitivity analysis characterizes how causal conclu-
sions depend on assumptions about unmeasured confounding (Rosenbaum, 2002} |VanderWeele &
Ding| 2017). Instrumental-variable methods exploit external sources of treatment variation (Hartford
et al.,[2017; | Xu et al., 2021), while proxy-variable methods use measurements related to the hidden
confounder (Tchetgen Tchetgen et al., |2024; Miao et al. 2018). Identification in these settings
depends on assumptions about the auxiliary variables and causal mechanisms, including rank or com-
pleteness conditions where required. Our entropy sweep explores variation in fitted causal predictions
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without requiring instruments or proxies. The weight «y controls cluster-posterior uncertainty and has
no calibrated interpretation as the strength of hidden confounding.

Partial identification. Partial identification characterizes the causal conclusions compatible with
available data and assumptions. Foundational results include nonparametric treatment-effect
bounds (Manski, [1990), sharp bounds under instrumental-variable restrictions (Balke & Pearl, |1997),
and bounds under monotone treatment response (Manski, |1997). Principal stratification provides a
complementary framework for defining effects within strata determined by potential post-treatment
values (Frangakis & Rubin, |2002). For finite observed domains, Zhang et al.[(2022) show that canoni-
cal SCMs with finite exogenous support preserve counterfactual distributions and reduce sharp-bound
computation to polynomial optimization; Duarte et al.| (2024) develop automated bounding procedures
for discrete settings. Our contribution combines a representation guarantee for observational and
interventional image distributions with a procedure for generating diverse candidate models. The
representation theorem allows continuous semantic mechanisms under its stated regularity condi-
tions, and the entropy sweep explores intervention responses while retaining candidates that satisfy
observational checks. This procedure does not guarantee sharp bounds or exhaustive coverage of the
compatible distributions.

Optimization-based causal bounds and image generation. Neural causal models minimize and
maximize specified causal queries over models constrained by the data and causal graph (Xia et al.|
2021};2023)). Stochastic causal programming similarly optimizes causal effects over distributions of
response functions subject to data-fitting constraints, including settings with multivariate continuous
treatments (Padh et al.| 2023)). These approaches do not directly solve our interventional image-
generation task for two reasons. First, their optimization requires a specified target functional,
whereas our target is a family of image distributions P, (I). There is no canonical scalar objective
whose minimum and maximum characterize this entire family: choosing an image statistic, such as an
attribute score, permits bounding its expectation but does not recover the diversity of compatible image
distributions. Second, neural parameterizations and response-function models can yield nonconvex
objectives and constraints, so local optimization can miss feasible extrema even in structured-data
settings and return overly narrow estimated interventional ranges. [Padh et al. (2023) explicitly
acknowledge this risk, although they do not report consistent empirical evidence of becoming trapped
in poor local optima. This limitation of local solvers should be distinguished from discrete polynomial
approaches (Zhang et al.| [2022; |Duarte et al.} [2024): global bounding procedures such as that of
Duarte et al.| (2024) provide certified bounds, but enumerating discrete response types for image-
valued variables is prohibitive. CAUVADE instead varies a cluster-posterior entropy weight to explore
candidate interventional image distributions without prescribing a scalar image query to extremize.
Our goal is to generate diverse interventional image samples compatible with the observed data,
rather than to recover exhaustive causal bounds; entropy regularization supports this exploration by
varying the fitted models while retaining those that pass observational checks.

B DERIVATION OF THE ELBO

We derive for the generative model in[Eq. (2)] As in[Sec. 3] the data consists of observed
pairs D = {(z;, ;) }¥,, with only X labeled. The latent vector Z = (Z,Ez,Ex,Ey, Er) collects
the pre-treatment attribute and the four independent exogenous noises, and the discrete cluster C'
represents the canonical confounder U. The encoder has the factorization

as(z,c[ 1) = qy(z | 1) go(c | 2)-

We first specify the likelihood to which the variational bound is applied. The target is the interventional
log-evidence log P?(I), evaluated at the observed treatment value 2 = X. Since the post-treatment
attribute Y is unobserved, we integrate it out and write

ol | X,2,0) 2 /pe(Y | X,2,0)ps(I | X,Y,Z,C)dY. (10)

Here the integral is part of the definition of the image likelihood. If instead one samples Y and
averages the conditional log-likelihood, Jensen’s inequality gives a further lower bound on the
logarithm of this integral.

Derivation of[Eq. (4)] Let

r9(z,c) = po(z | ¢) P(c)
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denote the joint latent prior. Under do(X = ), the latent variables are drawn from this prior and the
treatment is fixed to . Thus, at x = X,

K
P(I) :/Zpg([ | X,2,¢)ro(z,c)dz.
c=1

Following the variational argument of | Kingma & Welling| (2014)), we introduce an expectation under
the encoder. With the density ratio taken on its support, this gives

po(I] X,2,¢) T@(Z,C):|
qag(z,c | I) '

This step is an equality when the encoder covers the support of the integrand. Since log is concave,
Jensen’s inequality yields

log PY(I) > logEy, (s.e/1) [

TQ(Zvc)
log P/(I) > E 1 INX log ————— |-
og Pp(I) = qqs(z,cll)[ogp@( | X,2,¢) +log q¢(z,cI)}

By definition of the KL divergence,
To (Z, C )

E‘M |:10g (MZ,C’I):| = 7DKL(Q¢<Z,O ‘ I) || ’l"g(Z,C)).

Therefore,
log PY(I) > Eq, [logpe(I | X,Z,C)] — Dxv(qs(Z,C | I)||76(Z,C)).

Substituting r¢(z, ¢) = pe(z | ¢) P(c) gives|Eq. (4)] The bound is attained when the encoder equals
the posterior under the intervened model,

qe(z,c | I) = pg(z,c | I,do(X = x)).

This proves the stated variational bound. O

We next expand the KL term using the encoder and prior factorizations. By definition,

= go(2 | 1) gy(c | 2)
Lk =Eq, (1) [Z go(c | z)log = 2
c=1

po(z | c) P(c)

For each (z, ¢), the logarithm separates as
q9(2 | 1) q(c | 2) 4o
lo =logqe(z | I) —logpe(z | c) + log
pola | 0) P(0) ol | D)~ logpola | ) +log b

The sum of the last term over c is the KL divergence between the cluster posterior and the categorical
prior. Consequently,

(c]2)

c=1

K
Lxr =Eq, [Z q(c | 2)(log qy(z | I) —log po(z | C))] (1)

+Ey, zin[Dxr(a4(C | 2) | P(O))]-

The Gaussian encoder density g4(z | I) = N (g (1), ai([ )) and the Gaussian prior density py(z |

¢) = N(z; i, 02) can both be evaluated in closed form. For a given z, the categorical KL term is
also a finite sum. Thus the sum over C can be evaluated analytically, while the remaining expectation
over Z is estimated as described in[App. C|

The encoder takes only I as input, whereas the posterior that makes the bound tight is conditioned on
both I and the intervention. This architectural restriction can therefore loosen the bound. It does not
change the intervention sampling procedure: generation draws from the latent prior, so allowing the
encoder to depend on X would also be compatible with that procedure.

To distinguish this derivation from observational conditioning, consider the observational joint
distribution. In that model, X is generated from its mechanism, giving

po(x,I) = Z/n)(z,c)pg(x | z,¢)po(I | x,2,c) dz. (12)
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Conditioning on the observed treatment therefore weights the latent variables by py(z, ¢ | X = ),
whereas intervention leaves their prior 74 (z, ¢) unchanged. A variational bound on the observational
joint log-likelihood would also contain the generative treatment log-likelihood. The auxiliary classifier
loss Lx in does not establish such an interpretation without a specified relationship to the
treatment mechanism and objective weights. Accordingly, [Eq. (6)]remains a training surrogate, and
observational consistency is assessed separately using the constraints associated with [Cor. 3.3]

The two auxiliary terms have distinct roles. The treatment-consistency term encourages the latent
variables to predict X, although this alone does not ensure that the image decoder uses X. The
entropy term encourages uncertainty in the cluster posterior. To conclude that changing its weight
changes interventional predictions, the analysis additionally uses the distributional response in (AS).

Finally, suppose X and Y are absent and the dataset consists only of images {I;}¥.,. Then the
reconstruction term reduces to E,, [log po(I | Z, C’)] , and the KL term retains [Eq. (11){with the same
Gaussian-mixture prior r¢(z, ¢) = P(c) pg(z | c). Hence[Eg. (4)|reduces to the VaDE objective (Jiang
et al.} 2017). In CAUVADE, the treatment additionally conditions the decoder, the post-treatment
attribute is marginalized as in[Eq. (T0)} and the auxiliary terms £x and H encourage treatment
information and generate candidates for observational acceptance.

C TRAINING ALGORITHM

This appendix gives pseudocode for training CAUVADE at a single value of the entropy weight ~
Alg. 1)) and for training across entropy weights to explore candidate interventional distributions
Alg. 2). The notation matches D = {(w;, I;)}}¥, is the confounded training set, K is
the number of mixture components, and (6, ¢, ¥) collect the decoder, encoder, and classifier-head
parameters. As in[Sec. 3| Z is the augmented continuous latent and C'is the discrete cluster. The
GMM parameters { P(c), ji., 02} | are part of @ but are initialized separately by the VaDE-style
pretraining phase (Jiang et al., 2017).

Two design choices keep training tractable. First, gradients with respect to ¢ flow through Z via
the standard Gaussian reparametrization z = (1) + 04(I) ® € with € ~ N(0,I). Second, we
marginalize the discrete cluster C analytically rather than sampling, following VaDE (Jiang et al.|
2017): the categorical posterior ¢, (c | z) is bounded (X values) and computable in closed form, so
every loss term that involves C' is written as a finite sum

Eq,(clyl9(C)] = Y _as(c|2)g(c),
c=1

and gradients propagate through the probabilities g, (c | z) directly. For the reconstruction, KL,
and treatment terms, the reconstruction term becomes ) .. g4 (c | z)logpy(I | X, z,¢), and the KL
term decomposes into expressions involving g4(c | z), P(c), and the cluster-conditional Gaussian
parameters (/i.,o2). For the entropy H defined in|Sec. 3.1[, average ¢4 (c | z) over reparametrized
latent draws before taking the categorical entropy; averaging the entropies instead gives a different
regularizer. Hard categorical samples of C' are used at generation time.

Pretraining initializes (j1., o2) by fitting a Gaussian mixture model to the embeddings produced by
a vanilla VAE pretrained for a few epochs on D with —L,.. + Lk, alone (i.e, A\=7=0,K =1
in the pretraining stage). This avoids the well-known cluster-collapse issue of jointly training a
Gaussian-mixture VAE from scratch and provides a common initialization across the evaluated values
of the entropy weight v, so that differences in the learned cluster posterior reflect the regularizer
rather than the initialization.

The sample sets Sém) are empirical realizations of P9 (I). |Lem. 3.1| and h"hm. 3.2| describe local
surrogate cost and interventional response under (A4)—(AS); independent training runs need not
follow such a branch. The returned samples are candidates: observationally accepted models are
selected using the observational constraints discussed before [Cor. 3.3] with the local guarantee in

requiring strict baseline slack.
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Algorithm 1 CAUVADE training at fixed v

Require: Dataset D = {(x;, I;) } Y ;; cluster count K; weights (o 6, A, 7v); learning rate 7;,; number
of epochs T'; batch size B; pretrained GMM parameters { p,(o) o2 ,PO(c)}E .
Ensure: Trained parameters( , 0, 0).
1: Initialize encoder ¢, decoders 0 D {pte, 0%, P(c)} X
parameters into 6.

classifier head 1; load pretrained GMM

c=1>

2: forepoch=1,...,7T do
3: for minibatch B C D of size B do
4: Encode (pg(I),04(I)) < Ency(I) foreach I € B.
5: Sample z = pg(I) + 0y(I) © €, € ~ N(0,I). > Gaussian reparam.
6: Compute cluster posterior g4(c | z) € AKX~ forc=1,..., K. > Closed form.
7: Compute per-cluster decoder log-likelihoods ¢, < logpe(I | X,2z,¢) forec=1,..., K.
> K decoder passes.
8: Compute L., Lk1, from Eg (@))and Lx, H as defined in[Sec. 3and[Sec. 3.1] respectively,
on B, with E,( C|z 1=>caslc|z) -] > Finite sums over C'; marginalize Z for H.
9: L+ —aLlie+ B KL—|—)\£)(—’)/H. >[Eq. (6))
10: (0,0,9) + (0,0,%) — MV (9.6.4)L-
11: end for
12: end for

13: return (0, ¢, ).

Algorithm 2 CAUVADE training across entropy weights

Require: Dataset D; cluster count K; entropy-weight grid I' = {v1, ...,y }; weights (o, 8, \);
target intervention values {z(V), ... 2(1)} C Dy; sample size S.

Ensure: Family of interventional sample sets {Sz m)}m L Mize{a)... 2B}

1: Pretrain GMM parameters { p(o), 2:(0) , PO (¢)}E | on D as described above.
2: form=1,...,M do

3: (9,,L,¢m,¢m) + TRAINCAUVADE(D, K, &, B, A, Y, {1, 02 PO (c)}).  »lAlg. 1]

4 for z € {2(V),... 2} do

5: S .

6: fors=1,...,5do

7: Sample ¢ ~ Py, (C).

8: Sample z ~ py, (Z | ¢) = N (pte, 021).
9: Sample y ~ py, (Y | z,2,¢).
10 Sample I ~ pg, (I | z,y,2,c¢).
1 S stm uqrn.

12: end for

13: end for

14: end for

15: return {Sg(gm) }.

D PROOFS

We first show how to reduce an acyclic semantic model to the canonical diagram in
We then prove the approximation result in and the entropy-weight results in
to The approximation proof uses (A1)—-(A3) and the finite-dimensional exogenous domain
specified in It establishes approximation within the canonical structural class and does not
assert universal approximation by a particular neural architecture. The entropy-weight proofs use
(A4)—(AS); the admissibility result additionally requires strict baseline slack.
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D.1 REDUCTION TO THE CANONICAL DIAGRAM

Consider an ASCM whose finitely many semantic variables form an acyclic directed graph, with
a designated treatment node X, joint semantic exogenous vector U, and an image renderer with
independent noise £;. Let Y collect the semantic descendants of X and let Z collect all other semantic
variables except X . Either block may be empty, in which case its domain is a singleton. Assume the
original structural assignments are well-defined for the intervention values under consideration.

Proof. We first construct the grouped semantic mechanisms. No variable in Z can have a parent
in {X} UY, since such an edge would make that variable a descendant of X. We may therefore
evaluate the equations for Z in topological order and substitute them into one another. This gives a

joint assignment
7Z = fz(U).

Every semantic parent of X belongs to Z. Hence the original treatment assignment can be written as
X = f X (Z ) U)a
where fx ignores any coordinates of Z that it does not use. Finally, evaluating the descendants of X
in topological order gives
Y = fy(X,Z,U0).
We retain the original joint distribution of U. The resulting assignments have the block order and

shared exogenous dependence allowed by [Fig. 3a] Some displayed edges may be unused, since the
canonical diagram permits all dependencies needed by this construction.

We next verify preservation of the observational and interventional distributions. Reindex the
original renderer as f7(X,Y, Z, &) and fix a realization of (U, £5). By construction, evaluating the
grouped equations gives the same semantic values as evaluating the original equations. Applying the
unchanged renderer therefore gives the same image. Since the exogenous distribution is unchanged,
the grouped model has the same P(X, I).

Under do(X=x), the treatment assignment is replaced by X <« x. The equations for Z remain
unchanged, and substituting x into the grouped descendant mechanism gives exactly the original
descendant values under this intervention. The rendered image is therefore also unchanged for each
exogenous realization. It follows that the grouped model preserves every P, (I) for the designated
treatment.

Finally, each grouped mechanism is a finite composition of the original measurable mechanisms
and is therefore measurable. The grouping preserves Y, (u) for every x, u and only reindexes the
semantic inputs of the renderer, so it preserves (A2)—-(A3) whenever the original model satisfies them.
The exogenous vector is unchanged, so its finite-dimensionality is also preserved.

This construction groups variables and composes their mechanisms; it does not marginalize semantic
nodes or discretize the exogenous variables. The canonical class may allow additional dependencies,
so the reduction need not preserve the smaller feasible set imposed by a detailed graph. It also does
not identify the latent blocks from data or address cyclic models or arbitrary collections of treatment
nodes. Subject to the stated domain conditions, the construction proves the claimed reduction;
applying additionally requires all the assumptions of that theorem. O

D.2 PROOF OF[THM. 2.2

We first represent the original model by a joint distribution of treatment assignments, pre-treatment
covariates, and response functions. We then approximate this distribution by finitely many response
types while keeping the image mechanism unchanged.

Let p; and px denote the metrics on the image domain (2; and treatment domain (2 x, respectively.
To pass from the coupled images to their distributions, let p denote the metric on the space supporting
P and @, and let W1 be the Wasserstein distance induced by p. For any jointly distributed random
variables A ~ P and B ~ (@, their joint law is a coupling of P and @, so

Wi(P,Q) < E[p(A, B)].

Here p(A, B) measures the distance between the two coupled samples. For image distributions we
use the image-domain metric pr; for joint image—treatment distributions we use the sum metric
p1(i,i") + px (z, 2") (Villani, |2009).
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Joint response distribution. Fix the ASCM M in[Thm. 2.2] and write S C R™ for the Borel
domain of its shared exogenous vector U. For u € S, define

Z(’U,) :fZ(u)a xh(u):fx(z(u),u), Tu(x) :Yw(u):fY(maz(u)7u)> r € Qyx.

Here 2%(u) is the naturally assigned treatment, and r,(z) is the outcome obtained by setting the
treatment to x while keeping the exogenous realization fixed. Define

T(u) = (2% (u), 2(u), ), (X%, Z,R) =T(U), Q=TyPy.

Thus @ is the distribution of the treatment assignment, covariates, and entire response function
induced by one exogenous draw. It can be written as

Q(da*,dz,dr) = Px z(da*, dz) Prx z(dr | 2% 2),

where Px 7 is the original observational joint distribution of treatment and covariates. The standard
Borel property needed for this conditional distribution is verified in the lemma below. For each fixed x,
evaluating the response at x gives the joint distribution Py z(dz%,dz)P(Y, € dy | X = 2%, Z = 2).
Keeping the entire response R ensures that the same draw specifies outcomes for every treatment.
The candidate SCM supplies this joint response distribution; the construction requires neither its
identification from observational data nor conditional independence among potential outcomes.

To see why this representation preserves the original model, sample (x“, z,1) ~ @ as a shared
exogenous variable and set

Z ¢z, X « 2%, Y « r(X).

By the definitions of z% and r,,, the observational outcome r; (2% (U)) equals the original Y. Under
do(X =), the same draw gives

(X’KZ) = (x,rU(a:),z(U)),

which is the original interventional semantic vector. Keeping f; and the independent rendering noise
therefore preserves P(X, I) and every P, (I) exactly.

The shared exogenous variable in this representation need not have finite support. For a finite
treatment domain {z1, ...,z }, its response component is the vector (Y,,, ..., Y., ); for continuous
treatments it is a continuous function. The following lemma constructs finite approximations of this
representation.

Lemma D.1 (Finite approximation of the joint response distribution). Under the assumptions of
Thm. 2.2| there is a sequence of CASCMs N, with finite confounders, the same image mechanism fr,
and the same image-noise distribution as M, admitting a coupling such that

vNn —>VM, vVn —>V£A forevery x € Qx,

x

almost surely, where V.= (X, Y, Z). The same probability-one event works for all x.

Proof. We first specify a metric in which response types can be approximated. For two continuous
responses, define
doo(r,7") = sup py(r(z),r'(z)).
Tz€EQx
For response types, use the sum metric

d((z,z,7), (@', 2',1")) = px(2,2") + pz(2,2") + doo (r, 7).

Here px, py, pz denote the metrics on the semantic domains. For example, continuous scalar or
vector attributes may use Euclidean distance, p(a,b) = ||a — b||2, while finite categorical attributes
may use the discrete metric, p(a,b) = 1{a # b}. For attributes containing both continuous and
categorical components, the component metrics may be summed. Since each response is continuous
on the compact domain (2 x, the supremum in d is finite.

We next verify measurability of 7" in this metric. By (A2), each r,, belongs to C'(Qx, 2y ), which is
separable under d, because 2y is compact metric and )y is separable metric. Choose a countable
dense subset {t;};>1 of Qx. For each fixed r € C'(2x, Qy), continuity of the responses gives

doo (T, ) = b};ligpy(ru(tk),r(tk))-
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Each evaluation u — 7, (1) is Borel measurable by measurability of the structural assignments. The
displayed supremum is therefore measurable. A countable base of balls in the response space shows
that u — 7, is Borel measurable. The maps z(u) and 2%(u) are also Borel measurable, so T is a
Borel map into the separable metric space 2x x Q7 x C(Qx, Qy).

We now construct the finite approximation. Since S is a Borel subset of a finite-dimensional Euclidean
space, Py is a Radon probability measure on S. Lusin’s theorem applied to the measurable map T’
gives, for every n, a compact set K, C .S such that T'| i, is continuous and

PU ¢ K,) <27
Continuity of the restriction 7’|k, implies that L,, = T'(K,,) is compact. Moreover,
Q(Ly) = P(T(U) ¢ Ln) < P(U ¢ Ky) <27".

It follows that ) is concentrated on | J,, L,,. This countable union of compact metric spaces is a
standard Borel space. The response coordinate has the same property after projection, which justifies
the conditional distribution used above on a set of full probability. Only the compact sets L,, are
needed; the entire response-function space need not be compact.

By compactness, L,, admits a finite Borel partition into nonempty cells B,, 1, ..., B, 4, of diameter
at most 1/n. Choose one representative from each cell,

anj = (Tnj>2n,j;Tn,j) € Bnj.
For the complement, set B,, o = L¢ and choose a,, o = T (u.) for a fixed u, € S. Define the cell
index and the approximation map by
Jn(a) =3 whena € B, j, qn(a) = an J, (a)-

These maps are Borel measurable. Let the finite confounder U,, € {0, ..., d,, } have probabilities

dn
P(Un = .7) = Q(Bn,j)> Qn = ZQ(BTL,]) 6an,j'
=0

Thus @, is the distribution obtained by replacing each response type by its cell representative.
Each mixture component retains the treatment assignment, covariates, and entire response together.
Taking the inverse images of the cells under 7" also gives a finite measurable partition of the original
exogenous domain.

We use these representatives to define the semantic mechanisms of N,:
157 Grez) = 2.
f)((n)(za.]v €X) = 'rn,j’

1 .
}(/7 )(‘Ta 2y €y) =Tnj (I)
Choose auxiliary noises that are mutually independent and independent of U,, and £;. The displayed
mechanisms ignore these auxiliary noises and the z inputs. Since U, has the discrete topology and
every 1, ; is continuous, all three mechanisms are continuous. The canonical diagram allows unused
parents and permits the dependence induced by the shared confounder.

Set f I(") = f1 and retain the original distribution of £, independently of U,,. The observed domains
are unchanged, so (A1) remains satisfied. Every constructed response 7, ; is continuous, giving (A2),
and the unchanged mixing function preserves (A3). After relabeling the finite confounder states, A,
is therefore a CASCM. This construction is designed for interventions on X; it need not preserve
interventions on Z or restrictions imposed by a smaller causal diagram.

It remains to prove convergence under a common coupling. Draw U from its original distribution
and set U,, = J,,(T'(U)). By construction, P(U,, = j) = Q(B,,;), so this coupling has the required
marginal distributions. Write

(Xﬁ” Zny Rp) = o (T(U)).
Since Q(Lg) < 27", we have ) Q(L%,) < oco. The Borel-Cantelli lemma therefore implies that
T(U) € L, for all sufficiently large n, almost surely. On this event, the response type and its
representative belong to the same cell, so

d((X2, Zy, Ry), (X%, Z,R)) < 1/n eventually.

n?
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Each term in the sum metric is nonnegative. Hence
X5 — X8 Ty — 7, doo (R, R) — 0 almost surely.
For the observational outcome, the triangle inequality gives
py (Rn(X5), R(X®)) < doo(Rn, R) + py (R(X}), R(X")) — 0.

The first term tends to zero by uniform convergence of the responses, and the second tends to zero
by continuity of the sampled response R. Together with convergence of X% and Z,,, this proves

VNe 5 VM almost surely.

Under do(X=x), the coupled semantic vectors are (x, R,(x), Z,) and (z, R(x), Z). For every
xT € Qx,
py (Rp(x), R(x)) < doo(Rpn, R) — 0.

This bound holds on the same probability-one event for all z. Combining it with Z,, — Z proves the
interventional convergence and completes the proof. O

Proof of[Thm. 2.2] We first prove convergence of the observational distributions. Use the coupling
from[Lem. D.1] and give both models the same draw of £;, independent of their semantic exogenous
variables. By (A3), f1(, e) is continuous in its endogenous inputs for each fixed e. On the probability-
one convergence event of the lemma, applying the unchanged mixing function with the shared
rendering-noise draw gives

Ve = (VN D) — f1 (VM E) =M almost surely.
Equip Q; x Qx with the sum metric. Applying the coupling bound to the observational pairs yields
W1 (P(I, X;N), P(I, X5 M)) < E[pr (I, M) + px (X5, X9)] .

Both distances inside the expectation tend to zero almost surely. By (A1), they are bounded by the
finite diameters Dy and D x. Dominated convergence therefore gives

Wi (P(I,X;N,), P(I,X; M)) — 0.

The bound depends only on the image and treatment domains, so neither compactness of the rendering-
noise domain nor continuity in the rendering noise is required.

We next prove convergence of the interventional distributions. Fix z € Qx. On the same probability-
one event, (A3) and the semantic convergence give

INe = fr (VAN &) — fr (VM E) = IM almost surely.
Since the image distance is bounded by Dj, the coupling bound and dominated convergence imply
Wi (Pu(I; N, Po(I; M) < E[pr(IV, 2] — 0.

It remains to integrate this estimate over the treatment domain. The evaluation map (z,7) — r(z)
is continuous for the uniform response metric, and 7, g,,, and f; are Borel measurable. Thus the
coupled images are jointly measurable in the treatment and the exogenous draws. Integrating the
coupling bound gives

/ Wl(Pw(I;./\/n),Pw(I;M))dxg/ E[ps (1), 12)] d.
Qx

Qx

The integrand on the right tends to zero and is bounded by D;. For continuous treatments, the
compact Euclidean treatment domain has finite Lebesgue measure, so this constant is integrable. For
finite categorical treatments, the integral is a finite sum. Dominated convergence therefore yields

/ Wi (Py(I; Ny), Po(I; M) dz — 0.
Qx

Finally, let € > 0. Observational convergence gives an index n,ps after which the first approximation
error is below ¢, and integrated interventional convergence gives an index nyy, after which the second
is below €. Choose 1 > max{nebs, nins } and set ' = A,. Then the same CASCM satisfies both

inequalities in[Eq. (1)} This completes the proof. [
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D.3 PROOF OF[LEM. 3.1]

Throughout these proofs, we use the notation n = (6, ¢, ) and D, H, A, b, v, kg from The
losses are averaged over a fixed data distribution or training sample. We study the local branch of
optima in an arbitrary sequence of SGD outputs need not follow this branch.

Proof. We first construct the local branch of minimizers. Define
F(n,7) = VyD(n) = 7Vy H(n).
Thus F'(n,v) = 0 is the stationarity condition for D — yH. By (A4), F is C* and
F(no,0)=0,  9,F(no,0) = A 0.

Since A is invertible, the implicit function theorem gives a unique nearby C'* branch )., satisfying
F(ny,v) = 0 and passing through 7.

It remains to verify that these stationary points are strict local minimizers. The Hessian of the
regularized objective along the branch is

Hy = ViD(1y) =YV H(15).

At v = 0, this matrix equals A > 0. By continuity, there is a sufficiently small 4 > 0 such that
H~ = 0for 0 <y < 7. Hence every stationary point on this interval is a strict local minimizer.

We next derive the three expansions. Differentiating F'(1,, ) = 0 with respect to y gives
rH'ﬂIfy = VyH(ny) = 0.
Since H,, is invertible, it follows that
n, =H 'V, H(n,), ny=A"1b=v. (13)
The differentiability of the branch therefore yields
Ty = 1o + v + o).
Since V,,D(ny) = 0, Taylor expansion of D at )y gives
D(ny) = D(no) = 5 (1 — m0) " Ay = 10) + 0|l = 10]|%)-
Substituting the parameter expansion and using v = A~1b, we obtain
D(1,) = Do) = 37*0 " Av +0(7*) = 3807 + 0(7”).

Finally, H depends only on ¢, and its gradient with respect to n at the baseline is b. Its first-order
expansion is therefore

H(¢'y) — H(po) = bT(nv — o) + O(HW'Y —nol|)-
Using bTo=0b"A"1p= Ko, we conclude that

H(¢y) — H(¢o) = ko + o(7).

All three expansions remain valid when b = 0, in which case v = 0 and kg = 0. Since A > 0, we
also have o > 0 whenever b # 0. The C? assumption gives the stated little-o remainders; a cubic
big-O remainder for the cost would require additional regularity. This proves the lemma. O

D.4 PROOF OF[THM, 3.2

Proof. We first express the distributional response in the norm from (AS5). For a finite signed measure
1 of total mass zero on the compact image domain from (A1), define

/udu‘.

lpllkr =  sup
Lip(u)<1
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By the Kantorovich-Rubinstein identity, || P — Q|lxkr = W1 (P, Q) for probability measures P, Q.
Thus it is enough to estimate the difference of the interventional distributions in this norm.

Let dP,(no) be the bounded linear derivative supplied by (A5). Its values are finite signed mea-
sures of total mass zero, since the derivative describes a change in a probability distribution. By
differentiability,
IP2(no + h) = Pa(m0) — dPa(no)[A]lkr = o([[]),  h—0.
Assumption (A5) also gives P, = dP,(no)[v] # 0. Set
pa = || Pallkr > 0.

By |[Lem. 3.1| the parameter displacement satisfies 1, — 19 = v + o(y). Since the derivative is
bounded and linear,

dP.(n0)[ny — 10] = vPx +o(y) in the KR norm.
Substituting i = 7, — 19 into the differentiability expansion therefore gives

1P = P = 7Pyl = o(7).

We now convert this estimate into a Wasserstein distance. By the reverse triangle inequality,
(Wi(PJ", P) = yps| < |IPY = PP =Pk = o(7).
Hence
Wi(P}, PY*) = ypas + o(7),
which proves the first limit. Since p,, > 0, this distance is positive for every sufficiently small v > 0.

It remains to compare this movement with the surrogate cost. Using the cost expansion in|Lem.
we obtain

D(m,) = D(mo) _ 3507* +0(7%)

Wi (PY, PY) pay +0(7)
Ko
20z
The argument uses differentiability of the distribution in the KR norm as required by (AS); differ-
entiability of a single expectation alone would not give the norm remainder above. This proves the
second limit and completes the proof. O

v+ o(y) — 0.

D.5 PROOF OF|COR, 3.3

Proof. We first show that all observational constraints remain satisfied on a common interval. For
each j € {1,..., J}, define the baseline margin

mj =¢€; — Aj(eo) > 0.

The branch 6, is continuous at v = 0, and A is continuous at ¢. Hence there is a §; > 0 such that

|Aj(0'y)_Aj(00)| < m; f0r0§'y<(5j.
On this interval, it follows that

A;j(07) < Aj(0o) +m; = ¢;.
Since there are finitely many constraints, dops = mini<;<yd; is positive. Every 0 < v < fops
therefore satisfies all the observational constraints.
We next ensure that the interventional distribution changes on the same interval. By there
is a dove > 0 such that
Wi(P»,P%) >0  for0 <7 < dmove-

Choose ¢ = min{Jobs, Omove; 7} > 0. Then every 0 < - < ¢ satisfies the observational constraints,
and every 0 < y < § gives pY # P,
This argument uses the strict baseline margins and continuity. If the discrepancies are also differen-
tiable, the parameter expansion gives

Aj(8) = Aj(60) = 7Vel;(80) ve + o),
which need not be second order. The conclusion therefore concerns acceptance under the fixed

observational tolerances and does not assert equality of the full observational distributions. This
completes the proof. O
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E EXPERIMENTAL SETUP AND ADDITIONAL RESULTS

We evaluate CAUVADE on synthetic Color-MNIST at 28 x 28 resolution, CelebA face attributes at
64 %64, and MIMIC-CXR-JPG chest radiographs at 224 x224. We train on confounded data and use
an unconfounded reference only for evaluation. Following only the treatment X is used as
supervision; outcome Y, covariate Z, and confounder U labels are not supplied to the models during
training.

We first describe dataset construction (Apps. E.I.1|to[E.1.3) and training configurations (App. E.2)),

then report reconstruction diagnostics and qualitative samples. We next examine mixed discrete—
continuous confounding and non-binary attributes, followed by an entropy ablation, cluster-count
sensitivity, and exploration of plausible confounder distributions.

E.1 DATASET CONSTRUCTION

For each dataset, we construct confounded and unconfounded variants through synthetic generation or
resampling existing images. In the confounded variant, treatment assignment depends on U, creating
the backdoor path X < U — Y. The unconfounded variant samples X independently of U while
retaining the remaining construction, providing a reference for evaluating interventional samples
from P, (I). The dataset-specific mechanisms and assignment probabilities are given below.

E.1.1 CONFOUNDED COLOR-MNIST

Color-MNIST is built from three binary variables: treatment X, outcome Y, and unobserved
confounder U, with P(U=0) = 0.6 and P(U=1) = 0.4. The outcome follows the XOR mechanism
Y = U & X, taking value 1 whenever U and X disagree. A Conditional GAN, conditioned on
the (X,Y) stratum, then generates 2828 coloured digit images. We use N = 1,000 samples.
The mechanism specifies the population reference exactly; empirical frequencies remain subject to
sampling error. Treatment assignment is specified as follows:

* Confounded: P(X=1 | U=0) = 0.7 and P(X=1 | U=1) = 0.3, inducing the spurious
correlations P(Y=1 | X=0) = 0.609 and P(Y=1 | X=1) = 0.778.

* Unconfounded: X L U, yielding the ground-truth interventional probabilities P(Y=1 |
do(X=0)) = 0.40 and P(Y=1 | do(X=1)) = 0.60.

E.1.2 CONFOUNDED CELEBA

CelebA (Liu et al.l [2015) is built by mapping five attributes to causal variables: Z (Male),
U (Attractive, unobserved), X (Young, treatment), W (Wearing_Earrings), and Y
(Heavy_Makeup, outcome). The joint distribution is specified by P(Z=1) = 0.4, P(U=1 |
Z=0) = 0.60, P(U=1 | Z=1) = 0.40, and P(W=1 | X, U) rising monotonically from 0.1 at
(X,U) = (0,0) to 0.9 at (X,U) = (1,1). Images are then resampled from the original CelebA
corpus to match the target joint distribution over (Z, X, W) with U marginalized out. Treatment
assignment is specified as follows:

* Confounded (N = 10,000): P(X=1|U=0) =0.1and P(X=1|U=1) =0.9.
* Unconfounded (N = 10,000): P(X=1) = 0.5 regardless of U.

E.1.3 CONFOUNDED MIMIC-CXR-JPG

MIMIC-CXR-JPG (Johnson et al., [2024; 2019} |Goldberger et al.,[2000) is built from three causal
variables: X (Pneumonia, treatment), Y (subsequent outcome variables, e.g., Lung Opacity,
unlabeled), and U (unobserved confounder), grouping the patient’s age A in years and whether a
radiograph was acquired in the anteroposterior (AP) view V. These attributes define the hidden
grouping used in our resampling experiment; the stipulated causal mechanism is part of the experi-
mental construction. The dataset is partitioned into four atomic pools by (X, Y) stratum, from which
samples are drawn to match the target distribution. Treatment is assigned through a logistic model,

“_60+ﬂvv), o(z) = —

) (14)

P(X=1| A=a,V=v) =
( | A=a,V=v) 0<5o+5A 10 T
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with the following coefficients:

+ Confounded (N = 20,000): 8y =0, 84 = 31n9 ~ 1.10, and Sy = In 9 ~ 2.20.
* Unconfounded (N = 20,000): P(X=1) = 0.5 regardless of U = (A4, V).

E.2 TRAINING DETAILS AND HYPERPARAMETERS

Optimization. All models are trained with the AdamW optimizer (Loshchilov & Hutter,|2019) and
weight decay 1x10~5. Color-MNIST and CelebA experiments run on a single NVIDIA RTX 3080
Ti (16GB VRAM); MIMIC-CXR-JPG experiments run on a single NVIDIA A100 (80GB VRAM)
on an internal cluster.

Architectural scaling. The architecture scales with image resolution through the base channel
capacity h and latent dimension d,. Convolutional stages use channel widths h, 2h, 4h, .. ., while d,
sets the dimension of the global latent z and increases for higher-resolution datasets.

Dataset-specific configurations. lists the configurations for all three datasets. The recon-
struction, KL, and SCM loss weights («, 3, A) are calibrated against the input resolution to maintain
stable convergence and avoid posterior collapse; the cluster count K = 8 is held fixed across datasets,
with extra clusters absorbed by the prior P(C') rather than overfit. The entropy weight ~ is varied
over a per-dataset grid, producing the family of generators reported in the main text.

Table 3: Dataset-specific hyperparameters for CAUVADE.

Hyperparameter Colored MNIST CelebA  MIMIC-CXR
Input Resolution 28 x 28 64 x 64 224 x 224
Total Epochs 400 800 800
Batch Size 128 64 128
Learning Rate 1x1074 1x1074 1x1074
Base Channel Capacity (h) 8 64 32
Latent Dimension (d) 64 512 512
Number of Clusters (K) 8 8 8
Recon. Weight (o) 10.0 15.0 15.0
KL Weight (5) 0.1 0.05 0.05
SCM Weight ()) 5.0 3.0 3.0
Entropy Weight (v) {0,1,2,10,20,50,100} {0,1,10, 100}

E.3 RECONSTRUCTION QUALITY AND ADDITIONAL SAMPLES

For Color-MNIST and CelebA, we assess observational admissibility through agreement with the
labeled joint distribution P(X,Y") and the stability of image reconstruction NLL and MSE across
entropy weights. For MIMIC-CXR-JPG, we use v = 0 as the baseline and assess changes in
observational fit alongside the corresponding change in FID against the unconfounded reference. This
comparison checks whether improved interventional image-distribution agreement is accompanied
by deterioration in observational fit. We also inspect generated images across entropy weights and
interventions.

E.3.1 RECONSTRUCTION DIAGNOSTICS

and [] report per-pixel reconstruction MSE and NLL, together with Label RMSE for the
observational joint distribution P(X,Y"), across the entropy weights evaluated for this diagnostic on
Confounded Color-MNIST and CelebA, respectively. These grids differ from the generation settings
in On Confounded Color-MNIST, MSE ranges from 0.0303 to 0.0366, and NLL from
0.1153 to 0.1362. On CelebA, the variation is smaller: MSE ranges from 0.0216 to 0.0237, and NLL
from 0.5374 to 0.5426. Label RMSE measures agreement between the model-implied observational
joint probabilities and those estimated from labeled (X, Y') data. It ranges from 0.0067 to 0.0519 on
Color-MNIST and from 0.0055 to 0.0387 on CelebA. These small errors directly support fit to the
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Table 4: Reconstruction quality on Confounded Color-MNIST across the entropy weights v evaluated
for this diagnostic. Mean squared error (MSE) and reconstruction negative log-likelihood (NLL) are
reported per pixel; lower is better. Label RMSE is the root-mean-square error between the model-
implied observational joint probabilities P(X,Y") and the empirical joint probabilities estimated
from labeled data.

Metric =0 =1 y=2 y=10 =20 =30 =40 =50 =60 =70 =80 =90 ~=100

MSE (per pixel)  0.0307 0.0303 0.0313 0.0315 0.0323 0.0366 0.0330 0.0336 0.0329 0.0321 0.0319 0.0312 0.0318
NLL (per pixel)  0.1161  0.1153 0.1186 0.1190 0.1225 0.1362 0.1243  0.1260 0.1238 0.1215 0.1202 0.1182 0.1199
Label RMSE 0.0517 0.0519 0.0516 0.0411 0.0441 0.0309 0.0344 0.0232 0.0102 0.0143 0.0067 0.0114 0.0079

Table 5: Reconstruction quality on CelebA across the entropy weights «y evaluated for this diagnostic.
Mean squared error (MSE) and reconstruction negative log-likelihood (NLL) are reported per pixel;
lower is better. Label RMSE is the root-mean-square error between the model-implied observational
joint probabilities P(X,Y") and the empirical joint probabilities estimated from labeled data.

Metric =0 =1 v=10 =20 =30 =40 =50 =60 =70 =80 =90 =100

MSE (per pixel)  0.0216 0.0221 0.0224 0.0216 0.0228 0.0233 0.0228 0.0237 0.0227 0.0233  0.0237  0.0233
NLL (per pixel) 0.5374 0.5392 0.5397 0.5378 0.5409 0.5421 0.5402 0.5426 0.5399 0.5413 0.5424 0.5410
Label RMSE 0.0101 0.0252 0.0132 0.0387 0.0255 0.0383 0.0210 0.0322 0.0055 0.0343 0.0157 0.0069

labeled semantic distribution. Together with the stable reconstruction metrics, they provide strong
empirical evidence for observational admissibility at the measured image and semantic levels as
interventional predictions vary. They do not establish equality of the full observational distributions;
the formal local guarantee remains subject to the assumptions and discrepancy tolerances of

E.3.2 ADDITIONAL QUALITATIVE SAMPLES

Color-MNIST. [Fig. 10 shows representative CAUVADE samples on Confounded Color-MNIST as
the entropy weight ~y varies, illustrating the visual fidelity of the model at 28 x 28 resolution and how
the entropy regularizer reshapes the cluster posterior at each setting.

CelebA. compares samples from the confounded training set, the unconfounded ground
truth, two baselines (VAE and ANCM), and CAUVADE at four values of +, illustrating the visual
fidelity of the model at 64 x 64 resolution and the diversity of generators CAUVADE produces across
entropy-weight settings.

MIMIC-CXR-JPG. [Fig. 12| shows CAUVADE samples under both interventions, Px—o(I) and
Px—1(I), illustrating the visual fidelity of the model at 224 x 224 resolution.

E.4 EXTENDED EXPERIMENTAL SETTINGS

We extend the binary Color-MNIST construction in two directions: mixed discrete—continuous
confounding and non-binary treatment and outcome attributes.

E.4.1 MIXED DISCRETE-CONTINUOUS CONFOUNDING

We evaluate on a Confounded Color-MNIST variant whose confounder mixes discrete and contin-
uous sources: U = (Uy, Uy, Ua, Us) with Uy, U; ~ Bernoulli(0.4) and Us, Us ~ Uniform(0, 1),
combined into a single continuous score Z = ) . U;. The treatment propensity is a smooth logistic
function of the full continuous ~Z,

P(X=1|2)=0o(k(z* - 2)). (15)

A quantile-calibrated threshold on Z keeps the marginal P(b=1) = 0.4, matching the binarized
confounder of [App. E.1.1] The resulting Manski intervals are [0.288,0.837] for do(X=0) and
[0.423,0.874] for do(X=1). [Table 6|reports the y-sweep; all twelve swept estimates fall within these
intervals.
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Figure 10: Generated samples from CAUVADE on Colored MNIST across varying constraint
strengths: (&) v = 1; (B) v = 2; (&) v = 10; (d) v = 20; (&) v = 50; and () v = 100.

Table 6: y-sweep on the mixed discrete—continuous confounder. All six swept estimates on both
interventions fall within the Manski intervals (12/12).

v  P(doX=0) in[0.288,0.837] P(doX=1) in[0.423,0.874]
0 0.619 v 0.656 v
1 0.663 v 0.703 v
2 0.666 v 0.706 v
10 0682 v 0.720 v
20 0.660 v 0.704 v
50  0.707 v 0.737 v

E.4.2 NON-BINARY ATTRIBUTES

We evaluate on a 3-value Confounded Color-MNIST: the treatment X takes four intervention values
and the outcome is a 3-way color distribution over the B/G/R channels. reports the per-
intervention B/G/R distributions across the y-sweep, together with the ground truth. The in-bounds
column counts swept predictions falling inside the Manski feasible region; all twelve do so at both
~v=1 and y=10.

Table 7: ~y-sweep on 3-value Confounded Color-MNIST. Per-intervention B/G/R outcome distribu-
tions for the four intervention values of X, with the ground truth (GT) in the first row. The in-bounds
column counts swept predictions (4 interventions X 3 color channels) falling inside the Manski
feasible region.

v  do(X=0)B/G/R  do(X=1)B/G/R do(X=2)B/G/R do(X=3)B/G/R in-bounds

GT 0.54/0.24/0.22 0.28/0.54/0.18 0.18/0.28/0.54 0.32/0.36/0.32 —
1 0.248/0.380/0.372  0.259/0.371/0.370  0.251/0.379/0.371  0.250/0.366/0.384 12/12
10 0.258/0.350/0.392  0.268/0.343/0.389  0.251/0.355/0.394  0.255/0.344/0.401 12/12

E.5 ABLATIONS AND CONFOUNDER DIAGNOSTICS

We isolate the role of the entropy term, examine sensitivity to the number of latent clusters, and
explore variation in fitted confounder distributions using the injected distribution as a diagnostic
reference.
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Figure 11: Visualizing data distributions on CelebA. Samples are drawn from: @) the confounded
training set; (b) the unconfounded ground truth; synthetic outputs from VAE; (d) synthetic
outputs from ANCM,; () synthetic outputs from CAUVADE with y=0; (f) synthetic outputs from
CAUVADE with y=1; (g) synthetic outputs from CAUVADE with y=10; and (h) synthetic outputs
from CAUVADE with y=100.

CD

E.5.1 ENTROPY ABLATION

To isolate the role of the entropy term, we set v = 0. The term H(¢) then drops out of
and CAUVADE fits only the data term D. In this setting, the estimate of P, (Y'=1) produced by
CAUVADE nearly coincides with that of ANCM and concentrates tightly across random seeds
(Fig. 13| and [Table §). Both estimates lie inside the Manski bounds, so they are consistent with
the observed data. However, each recovers only a single point of the feasible region and gives no
indication of its extent.

This ablation shows that fitting the data alone does not trace the partially identified set. The entropy
term moves the solution within the region, and sweeping v is how CAUVADE produces multiple
distinct candidates rather than one point inside it, without guaranteeing coverage of the region.
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Figure 12: Generated samples from CAUVADE under interventions Px—q(I) (top) and Px—1(
(bottom).

Table 8: Min and max of P(Y = 1 | do(X=0)) and P(Y = 1 | do(X=1)) across CAUVADE
v = 0 and ANCM.

Dataset  Model P(Y =1|do(X=0)) P(Y =1|do(X=1))

Min Max Min Max

ANCM 05700 06000 06308  0.6426
CMNIST -~ \GVADE 05700 05891 05765  0.6108
Coleba ANCM 04885 05011 04755 05027

CAUVADE 0.3899 0.4373 0.3779 0.4539
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Figure 13: Estimated P, (Y = 1) on Confounded Color-MNIST and CelebA under v = 0, which
closely matches ANCM. The shaded region denotes Manski’s causal bounds (Manski, [1990).

E.5.2 SENSITIVITY TO THE CLUSTER COUNT

We first vary K by changing v at K € {2, 4,6} on Confounded Color-MNIST, and we measure the
width of the recovered interventional range for each intervention (Table 9). The in-bounds column
counts how many of the 28 swept estimates per intervention fall inside the ground-truth Manski
region. Going from K'=2 to K'=4, the width increases from 0.167 to 0.352 for do(X =0) and from
0.171 to 0.283 for do(X =1), and in-bounds coverage rises from 14/28 to 26,/28. At K =6, the width
is 0.216 for do(X =0) and 0.178 for do(X=1), and in-bounds coverage reaches 28/28.

We next consider a large K. [Table 10| reports single fitted instances at K =100 on Color-MNIST.
Occupancy is the number of components with non-negligible aggregated responsibility, and I,(C'; Z)
is the categorical KL term of [Eq. (4)] Occupancy stays between 12 and 21 of 100 components, and
the holdout BCE is flat across ~.
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Table 9: Recovered interventional range on Confounded Color-MNIST at K € {2,4,6}, aggregated
over the y-sweep. Ranges span the swept estimates inside the region; the in-bounds column counts
how many of the 28 swept estimates per intervention those are.

K in-bounds P(Y | do(X=0)) range (width) P(Y | do(X=1)) range (width)

2 14/28 [0.500, 0.667] (0.167) [0.494, 0.665] (0.171)
4 26/28 [0.392, 0.744] (0.352) [0.462, 0.745] (0.283)
6 28/28 [0.593, 0.808] (0.216) [0.504, 0.682] (0.178)

Table 10: Single fitted instances at =100 on Color-MNIST. These are individual model evaluations,
not a recovered bound.

v Occupancy [,(C;Z) Holdout BCE P(Y |do(X=0)) P(Y =1]|do(X=1))

1 21/100 1.290 0.762 0.574 0.596
10 20/ 100 1.289 0.760 0.583 0.610
100 12 /100 1.274 0.760 0.625 0.696

E.5.3 EXPLORING PLAUSIBLE CONFOUNDER DISTRIBUTIONS

Under hidden confounding, neither the latent representation U nor its distribution P(U) is generally
identifiable from observational data. This structural ambiguity motivates our approach: drawing inspi-
ration from partial identification, CAUVADE explores plausible confounder distributions compatible
with the observations and uses them to generate diverse interventional image predictions. Recovering
the true latent representation or confounder distribution is therefore not our objective.

Table 11: Average Lo distance between the learned confounder distribution P(C') and the injected
P(U) on Confounded Color-MNIST, used as a diagnostic reference across the y-sweep and for
ANCM. Cluster indices are matched to confounder states before the distance is computed. This
comparison does not establish identification of the latent representation or its distribution.

Model ANCM CAUVADE
~y — 1 10 100
Lo 0.516 0.194 0.368 0.566

Confounded Color-MNIST (App. E.1.1) provides an injected P(U) that is known by construction and
can serve as a diagnostic reference. [Table 11|reports the average Lo distance between the learned P(C')

and this reference, after matching cluster indices to confounder states. Across v € {1,10, 100},
the distances are 0.194, 0.368, and 0.566, respectively, compared with 0.516 for ANCM. Both
CAUVADE and the ANCM baseline learn confounder distributions that differ from the injected
distribution. This comparison illustrates the ambiguity associated with non-identifiability, which
also affects the baseline; recovering the injected confounder is not the goal of this experiment or our
method. Instead, CAUVADE explores plausible exogenous distributions P(U) compatible with the
confounded data and uses them to generate diverse predictions of images under intervention. The
varying distances across the y-variation reflect this exploration: different values of -y select different
observationally compatible confounder distributions, not converging to a specific solution.

F CoOMMON QUESTIONS

1. Does varying v compromise observational fit?
In ~ weights the additive cluster-posterior entropy term H (¢); the reconstruction, KL,
and treatment-consistency terms defining D remain unchanged. Changing ~ therefore preserves
the definition of data fit, although it can change the fitted solution. Under their local assumptions,
Lem. 3.1]and [Thm. 3.2]show second-order surrogate cost and first-order interventional movement
near v = 0. With strict slack in the baseline observational checks, guarantees that
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sufficiently small weights preserve admissibility. Larger weights still require checking the fitted
candidates, as prescribed in

The Color-MNIST and CelebA experiments provide strong empirical evidence for observational
admissibility at the measured image and semantic levels. and [5| report Label RMSE
between the model-implied observational joint distribution of (X, Y") and the empirical joint distri-
bution estimated from labeled data. It remains small across the evaluated weights: 0.0067-0.0519
on Color-MNIST and 0.0055-0.0387 on CelebA. This directly assesses agreement with labeled
P(X,Y), complementing the stable reconstruction MSE and NLL. Together, these diagnostics
support observational fit as interventional predictions vary, without establishing equality of the
full observational distributions or guaranteeing admissibility for arbitrary ~.

For MIMIC-CXR-JPG, we compare observational fit with the v = 0 baseline alongside the
change in FID against the unconfounded reference. This checks whether gains in interventional
image-distribution agreement come with a loss of observational fit; FID against that reference
evaluates the interventional samples and does not itself measure observational admissibility.

2. What happens when v = 0?
The entropy term drops out, and CAUVADE optimizes only D (Eq. (6)). In the ablation of
[App. E.5.1] its interventional estimates concentrate tightly across random seeds, exhibiting be-
havior similar to ANCM (Fig. T3] and [Table 8)). These estimates lie within the scalar Manski
bounds but explore little of the variation compatible with the observations. Sweeping ~ supplies an
additional means of obtaining diverse candidate interventional predictions; it does not guarantee
exhaustive coverage or sharp bounds.

3. How should K be chosen to obtain diverse hypotheses?
K controls the capacity of the latent confounder mixture. Increasing it can support more diverse
causal hypotheses: in[Table 9] increasing K from 2 to 4 expands the sampled interventional range
from 0.167 to 0.352 for do(X=0) and from 0.171 to 0.283 for do(X =1). Realized diversity need
not increase monotonically with K, however; the reported ranges narrow again at K = 6.

Our goal is to generate diverse hypotheses that fit the observations, without requiring an exhaustive
characterization of the compatible set. Thus, K need not recover the true confounder cardinality or
be large enough to represent every compatible model. Choosing fewer clusters is acceptable when
the fitted family remains sufficiently diverse and passes observational checks. Too little capacity
can still restrict fit and diversity: at K’ = 2, only 14/28 estimates per intervention pass the scalar
bounds check (Table 9). In practice, compare a small set of cluster counts using observational fit
and variation in the resulting interventional predictions; increase K if capacity limits either. We

use K = 8 in the main experiments (Table 3).

4. Are U and P(U) identifiable from observational data?
In general, neither the latent confounder representation U nor its distribution P(U) is identifi-
able from observational data under our assumptions. We explicitly acknowledge this structural
uncertainty; it is the starting point of our work. Inspired by partial identification, CAUVADE
explores plausible confounder distributions within models that pass observational checks and
uses them to generate diverse interventional image predictions. Our objective is not to recover
the true latent representation U or exogenous distribution P(U). The synthetic experiment in
illustrates this non-identifiability: even though the injected confounder distribution
is known by construction, it is not identified by the observational data, and both CAUVADE and
the ANCM baseline learn distributions that differ from it. The comparison highlights this shared
non-identifiable nature; recovering the ground-truth confounder has never been the goal of our
method. Instead, our method explores plausible exogenous distributions P(U) compatible with
the confounded data and uses them to generate diverse predictions of images under intervention.
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